Theory of Scattering from Periodic
Random Surfaces and Random
Media

Lan Gao

December 1997






Abstract

This thesis studies a probabilistic theory of wave scattering from periodic random surfaces

and random media. New concepts for analysis and several numerical results are described.

We assume a model such that a periodic random surface is generated by a periodic
translation of a local surface boss; the height of each boss is modulated by a stationary
random sequence. Mathematically, such a periodic random surface is a periodic stationary
process that is a function of position and a sample point in the sample space. Its average
and correlation function become periodic functions of position. A periodic stationary pro-
cess is known to have a harmonic series representation, similar to the Fourier series, where
“Fourier coeflicients” are mutually correlated stationary processes rather than constants.
Moreover, it is invariant under the two-dimensional translation which translates a sample
function with a distance of the period and a sample point into another sample point.
By the group theoretic translation of such a translation invariance, we first find that the
scattered wave for an incident plane wave has a stochastic Floquet form, that is a product
of a periodic stationary process and an exponential phase factor. This means that the
coherent wave is diffracted into only discrete directions, because the average of a periodic
stationary process is a periodic function. Furthermore, the scattering problem is mathe-
matically reduced to finding out such a periodic stationary process, which is written by
the harmonic series representation with stationary processes as the “Fourier coefficients”.
We represent such stationary processes in terms of functional expansions with unknown
kernel functions, a set of equations for which is obtained from the boundary condition.
Once kernel functions are determined, we reversely obtain the scattered wave field as a
random function, from which any statistical properties of the scattering can be calculated.

First, we consider the case where the periodic random surface is generated by a Gaus-
sian random sequence. For a TE plane incident wave, we approximately determine kernel
functions. Then, we find that the incoherent scattering has ripples in angular distribu-
tions, because incoherent waves generated by coherently diffracted waves with different
orders interfere. In the properties of the scattering and diffraction, we find several anoma-
lies for a TM incident wave, which are caused by the guided surface waves propagating
along the periodic random surface. When a coherently diffracted wave couples with the

guided surface waves, Wood’s anomaly appears as a rapid variation of the diffracted
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power against the angle of incidence. Since the guided surface waves are excited by the
surface randomness and diffracted again, strong anomalous peaks, which we call incoher-
ent Wood’s anomaly, appear in the angular distribution of the incoherent scattering. It is
shown that the incoherent Wood’s anomaly is independent of the angle of incidence but
is determined by only period and wavelength. Further, because the guided surface waves
are scattered and diffracted again, we find the enhanced backscattering and diffracted
backscattering enhancement.

Second, we discuss the case where the height of the periodic surfaces is randomly
deformed by a binary stationary sequence. Though the stochastic functional theory of
the binary stationary sequence has been discussed, no mathematical formulas have given
in explicit form. However, we first obtain several new explicit formulas. Then, we apply
these formulas to diffraction and scattering problems, where periodic random surface is
deformed by binary stationary sequence. We find that diffraction efficiencies are related
with both the height of average periodic surface and the amplitude of random deformation,
but the total diffraction power depends on only the amplitude of random deformation.

Finally, we discuss the scattering from a two-dimensional thin film with randomly
fluctuating permittivity. For a Gaussian random f{luctuation, the first order solution is
derived explicitly by a probabilistic method. Using the solution, we calculate several
statistical properties of the scattering. Then, we demonstrate that ripples appear in the
angular distribution of the incoherent scattering. Moreover, the incoherent scattering can
be enhanced in the directions of backscattering and specular reflection. We clarify that
these phenomena occur from a combination of ‘single-scattering’ by the random thin film

and multiple reflection between the top and bottom surfaces of the thin film.
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Chapter 1

Introduction

1.1 Research background

When a plane wave is incident on a smooth interface between two homogeneous media,
the reflection and refraction take place. The reflected and refracted waves obey the law
of reflection and Snell’s law [1], respectively. The reflected and refracted directions are
determined uniquely. When the interface is not planar, however, the diffraction and
scattering occur. In a case of the periodic interfaces such as diffraction gratings, a plane
wave is diffracted into discrete directions [2]. In another case of the irregular interfaces
or inhomogeneous media, an incident wave is scattered into various directions [1]. Since
many natural surfaces and media are often random in various degrees, the scattering
problems from such random surfaces and random media have received much interest from
theoretical and practical points of view. In fact, La Grone, Straition and Smith [1955]
and Beard and Katz [1957] have investigated the relation between the rate of the rapid
fluctuations of the received field and that of the deformation of the surface of the sea.
In recent years, the problems of wave scattering from the earth’s surface, the terrain and
the sea surfaces have become increasing important; on the other hand, the problems of
wave propagation in the atmosphere, the ocean and biological media have also received
attention, particularly in the areas of communication, remote-sensing and detection [3]-
[9]. These surfaces and media are, in general, randomly varying in time and space so
that the amplitudes and phases of the waves may also fluctuate randomly in time and
space. Communication engineers make use of the coherent scattering properties from
ocean surfaces and atmosphere [3],[4]. In remote sensing, the scattering effects due to
medium inhomogeneities and rough interfaces play a dominant role in the determination
of brightness temperatures and radar backscattering coefficients [5],[6]. The detection of
clear air turbulence by a scattering technique contributes significantly to safe navigation
[7],[8]. In radio astronomy, the surface roughness of the Moon is estimated by studying

the distortion of the radar pulse back-scattered from the Moon to the Earth [9].
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Iigure 1.1: Several types of random surfaces and random media.

We may classify random surfaces and random media into several types:
(1) random surfaces without any periodicity;
(2) periodic rough surfaces with an arbitrary profile;
(3) randomly deformed periodic surfaces;
(4) random media with a flat interface;
(5) random media with an irregular interface.
These types are shown in Fig.1.1. Many cases of the type (1) have been studied by
many authors using several methods [10]-[12]. Type (2) is about a periodic structure,
where the diffracted wave may be analyzed by use of the Fourier series [12]. The type
(3) may include many kinds of structures. For example, the amplitude or the period is

randomly deformed. In the thesis, however, we consider only such surfaces which we call
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the periodic random surfaces. The periodic random surfaces have a periodic ensemble
average and a periodic correlation function. Different from type (2), type (3) has not a
periodic structure so that this kind of problem can not be solved by using the approach of
the Fourier series. Because such surfaces show their periodic properties in the ensemble
average and the correlation function, however, we can use harmonic series representation
similar to Fourier series. The type (5) has little been studied theoretically because it is a

much complex problem. In this thesis, we will study some cases of the types (3) and (4).

1.1.1 Periodic random surfaces

Periodic gratings such as lamellar grating and echelette grating are widely used in radio-
physics, electronics and optics [13]. Ideal diffraction gratings without any deformation
have been studied theoretically in detail. An incident plane wave may be diffracted into

the discrete directions of the grating orders [14], which enjoy the relation
. . nA . ,
smc,bnzsm()—k—}—, (n=0,%1,42--), (1.1)

where A is wavelength, L is the period, 0 is the angle of incidence and ¢, is the angle
of diffraction with n-th order, shown in Fig.1.2. Iowever, real diffraction gratings are
never ideally periodic. Their deviation from periodicity comes from several factors such
as inaccurate fabrication of the elements, inaccurate spacing, nonuniform heating of the
system, and deformations, which are generally of random nature [15]. They cause the
geometry of the array to become non-ideal and therefore the field scattered by such a
grating differs from the field for an ideal grating [16]-[18].

Gratings are designed to have a distribution of diffracted energy among the orders.
However, because one cannot manufacture an ideal grating, some of the energy is scattered
into other directions rather than the desired one [14],[19]. Therefore, it is important to
minimize the scattering for the use of diffraction gratings as optical components in a
complex optical system. Thus, several rescarchers pay attention to the scattering problem
from such randomly deformed periodic surfaces [20]. Experimental [21] and theoretical
works [22]-[24] have reported some scatlering properties.

Recently, on the other hand, wave scattering from irregular periodic surfaces deformed
by a binary random sequence [25] becomes much important, because digital recording
devices such as compact disks store binary random data by surface deformations called

pits or bosses [26]. In disk memory devices, laser beam strikes on the pits in the disk
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incident wave

diffracted wave

period

Figure 1.2: Diffraction grating. The incident wave is diffracted into discrete directions

denoted by numbers.

base and the guide grooves which are used to control the tracking. Then, the scattering
of laser beam from the pits is used to regenerate information. It is important for the high
density recording to optimize the shapes of pit and guide groove [27]. Therefore, it is

necessary to study the scattering of waves from such periodic random surfaces.

1.1.2 Random media

The wave propagation in random media has heen studied extensively, because it is related
with practical problems such as electromagnetic, optical and sonic wave propagation in
turbulent air and in discrete random media such as fogs, rains and blood cells [28],[29].
Recently, however, the light scattering from a random thin film becomes much important
as methods of non-destructive measurement and real time monitoring of thin film man-
ufacturing process [30],[31]. This is because thin films often have volume disorder where

permittivities are randomly fluctuated [31]-[33].

1.2 Anomalous scattering

All solid surfaces, even very carefully prepared ones, possess some degree of roughness.

It becomes interest to examine the consequences of roughness for physical phenomena
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associated with such surfaces. Vanishing of the amplitude of the wave, its retardation, and
some anomalous phenomena have been observed [34]. Despite their different appearances,
all these phenomena have a common origin. They all are connect with the excitation of
the guided surface waves along the surface structure (see Fig.1.3). The propagation of
surface waves along a rough surface has a particular interest, because the fields associated
with such waves can be localized to the surface within a distance comparable with the
lengths characterizing the surface roughness. The interaction between a surface wave and

surface roughness can be very strong as a result [35].

incident wave scattered wave

surface wave

T

Figure 1.3: Surface wave propdgates along the surface.

For example, when a surface wave propagates across a rough surface, it can be scattered
by the hills and valleys on the surface into other surface wave. The surface wave is

attenuated thereby, even if it is propagating on the surface of a lossless medium.

1.2.1 Wood’s anomaly

Wood’s anomalies (grating anomalies) are an effect observed in the spectrum of light
resolved by diffraction grating. They were represented as an abrupt change in the intensity
of the various diffracted spectral orders in certain narrow frequency bands. Such anomalies
were first observed by Wood in 1902 in experiments on a reflection grating, and were
termed anomalies because the effect could not be explained by ordinary grating theory at
that time [34]. Anomalies are not caused by errors in the spacing of the gratings, they are
caused by some type of resonant interaction between the light diflracted from gratings.
Hessel and Oliner [1965] gave a new theory of Wood’s anomalies on optical grating [36].
They showed that two different types of anomalies could exist: a Rayleigh wavelength
type due to the emergence of a new spectral order at grazing angle, and a resonance type
which is related to the guided complex waves supportable by the grating. Further, The

Wood’s anomalies are obtained for not only S polarization but also P polarization, but
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P-anomalies are found only on gratings with deep grooves.

Fano [1941] first suggested that anomalies could be associated with the excitation of
surface waves along the grating. On the other hand, a separate approach was developed
by people working on surface plasmons and solid state physics [37]. Starting from the
plasmon resonance of a plane surface, they derived a perturbation treatment in which the
groove profile is taken into account in the calculation of the surface plasmon excitation.
The study of the anomalies of a metallic grating used in TM polarization was developed
in a leaky wave (guided wave) viewpoint and studied with the electromagnetic theory

[38].

1.2.2 Incoherent Wood’s anomaly

Recently, we found theoretically a new phenomenon from the periodic random grating
similar to Wood’s anomalies [39],[40]. The anomalies appear as the rapid variations of
incoherent scattering in the angular distribution, when a TM plane wave is incident on
a periodic random surface with a small randomness. The scattering angles ¢} of such
anomalous peaks are determined only by the surface period L and wavelength A satisfying

In| < L n=0,+1,£2,---. (1.2)

n/\]7 Z,

n [ | o
dtw = sin [:tl 7

We call this anomalous phenomenon the incoherent Wood’s anomaly. Note that Wood’s
anomalies depend on the angle of incidence, however, the incoherent Wood’s anomalies
are independent of the angle of the incidence. Due to the randomness of surface, an
incoherent guided surface wave propagating along the surface is excited for any angle of
incidence. Then, such a guided wave is diffracted again by the surface periodicity to yield

the incoherent Wood’s anomaly.

1.3 Multiple-scattering

When a random surface is slightly rough, the wave field can been expanded by the power
series of the roughness parameter, and the first order expansion called single-scattering
can well approximate the wave field. In some practical cases, however, this assumption
and the single-scattering theory are no longer valid [41], and we need to take into account
more than the first order expansions, such as the second and the third order expansion,

representing multiple-scattering. Early studies on multiple-scattering include those by
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Ryde, Cooper and Foldy et al. Those were extended by Twersky who obtained consistent
sets of integral equations. Twersky’s theory gives a clear physical picture of various

processes of multiple-scattering.

(a) (b)

Figure 1.4: Scattering processes (a) single-scattering (b) multiple-scattering.

In recent years, there has been a renewed interest in the subjects of wave scattering by
surfaces and by volume media. This is because that a number of measurements of light
scattering from well characterized random rough surfaces have been reported: the light
scattering from these surfaces involves multiple-scattering and exhibits the phenomenon
on enhanced backscattering [42]-[44]. Further, the research on multiple-scattering phe-

nomenon is extending into many fields such as metrology and astronomy [45]-[47].

1.3.1 Backscattering enhancement

Backscattering enhancement phenomena have been observed for many years. It has been
sometimes called the “retroreflectance” or the “opposition effect”. It is that the scattering
in the backward direction of the incidence is relatively strong. An example is “glory” which
appears around the shadow of an airplane cast on a cloud underneath the airplane.
Recently, more quantitative experimental and theoretical studies of enhanced backscat-
tering from random rough surfaces or random media have been reported[48]-[50]. Wat-
son noted that the backscattered intensity is twice the intensity calculated from single-
scattering theory. Wolf showed that the backscattered intensity from turbulence is propor-
tional to the fourth order moment and approximately twice the double-scattered intensity.
Physically, the backscattering due to the double-scattering must be counted twice, where
the same path is used twice to get the backscattering, but the backscattering due to the

single-scattering should be counted only once.
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Figure 1.5: Backscattering processes.

On the other hand, Mendez and O’donnell have experimentally observed the backscat-

tering enhancement from a randomly perturbed periodic grating [21], and several authors

have given theoretical studies [39],[40].

1.3.2 Diffracted backscattering enhancement

As we were discussing the backscattering enhancement, we found a new enhanced scat-

tering phenomenon in periodic random surfaces with a TM plane incidence [39]. We call

this phenomenon the diffracted backscattering enhancement. Because of the interaction

between double-scattering and diffraction, the enhanced backscattered wave is diffracted

again by the periodic component of the surface. Due to this physical process, incoherent

waves are slightly enhanced in the directions of diffraction of the backscattered wave.

incident
backscattering )
».

diffracted bacscattering ™,

e diffracted wave
_____ = backscattering
vieeeeneo.om diffracted backscattering

diffracted wave

Figure 1.6: Diffracted backscattering.

The angle ¢ of the diffracted backscattering satisfies the relation:

sin¢)=~si110+2[£\—, n=0,+1,+2,---,

L4

(1.3)

where ¢ is the angle of incidence and n # 0 (when n = 0, (1.3) gives the backscattering
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direction: ¢ = —0). Note that the enhanced scattered angles are different from the
diffracted angles determined by (1.1). Such an enhanced scattering phenomenon is only

a theoretical result, so that the experiment observation is expected (see Fig.1.6).

1.4 Research purpose

The mathematical models of the problems discussed in this thesis are provided by stochas-
tic partial differential equations and stochastic boundary value problems. In the case of
wave propagation in continuous stochastic media, they are differential equations with ran-
dom coeflicients; in the case of wave scattering from stochastic surfaées, they have to do
with boundary value problems for deterministic partial differential equations with bound-
ary conditions defined on a stochastic surface. But, a complete mathematical theory of
such stochastic problems has not yet been established, and so a theoretical analysis of
stochastic waves has not exact probabilistic foundations; mathematically exact methods
are of necessity limited to the simple models and problems. Nevertheless, the practical
methods which are being developed have enormous importance for applications and also
for mathematics itself, since they indicate possible problems and suggest ways of approach
to the analysis of interesting new probabilistic questions.

On the other hand, several works have studied the backscattering from a random
thin film by several different methods. Further, a multiple-scattering analysis was made
by Frilikher and others [51],[52], where enhancement in backscattering was predicted.

However, it seems that no systematic theories have been developed.

1.5 Research approaches

The modern theory of scattering is a statistical theory. The stochastic nature of real wave
processes results from inhomogeneity and indeterminacy of the structure of most wave-
transmitting media and the random irregularities of surfaces. The statistical methods
provide the most natural tool for the description of waves, surfaces and media.
Scattering problems are commonly formulated as a mathematical boundary value prob-
lem of the wave equation with random boundary condition. In the single-scattering theo-
ries, well-known approaches such as the small perturbation method [53] and the Kirchhoff

approximation [54],[55] are usually applied in order to obtain several statistical prop-
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erties of the scattered wave. But these approaches are valid neither to a very rough
surface nor to a slightly random surface with an infinite area. To overcome this point,
the multiple-scattering theory by the diagrammatic technique was introduced to calculate
the averaged intensities, the coherent scattering and the incoherent scattering [56]. This
theory, however, has not been developed for any other statistical properties of the scatter-
ing. Different from these methods, a stochastic functional approach has been successfully
applied to calculate any statistical properties of the scattering by Nakayama and Ogura
et al [57]-[59]. Random surfaces or random media are first assumed to be a homogeneous
random field in this approach. By use of the group theoretic consideration of the shift in-
variance property concerning the homogeneous random field, the stochastic wave solution
with a plane wave incidence may be given by the stochastic Floquet form [60]: a product
of an exponential phase factor and a homogeneous random process. Thus the problem
is essentially reduced to finding such a homogeneous random field. Such a homogeneous
random field is regarded as a stochastic functional of Gaussian random surfaces or Gaus-
sian random media, and then is represented by Wiener expansion [61]-[64] with unknown
kernel functions. Therefore, the problem is further reduced to finding such kernel func-
tions. In this thesis, we will study the scattering problems from periodic random surfaces

and random media by using the stochastic functional approach [61].

The stochastic functional approach was limited to Gaussian random media or surfaces.
However, binary random cases become much important, recently. To represent the scat-
tered wave from binary random surfaces systematically, we need a theory of a stochastic
functional of a stationary binary sequence. Such a stochastic functional of a stationary bi-
nary sequence was introduced by Ogura [65] as a special case of a multi-valued stationary
sequence. The Gram-Schmidt method constructing multi-variate orthogonal polynomials,
mathematical definition of orthogonal stochastic functionals and completeness of orthog-
onal function series were discussed. A similar theory of a stochastic functional of binary
and ternary random signals was discussed as a method of nonlinear system identification
[66],[67]. However, it is difficult to apply these theories to the wave scattering theory,
because formulas on the multi-variate orthogonal pelynomials are not given in explicit
form [65]-[67]. In the thesis, we will give some new formulas on multi-variate orthogonal

polynomials in explicit form. We also illustrate examples of binary functional expansions.
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1.6 Compositions of the thesis

This thesis consists of seven chapters and an appendix.

In chapter 2, we deal with the scattering of a TE plane wave from a periodic random
surface, where the surface has the shape of periodic space-impulse series and the height
of each impulse varies with Gaussian random sequence [68]. Because such a surface has
a periodic average and a periodic correlation function, it becomes a periodic stationary
process in the theory of stochastic processes. By the group theoretic consideration, such
a periodic stationary process satisfies a shift invariance property, in terms of which a
form of the scattered wave is determined. Then, it is shown that the scattered wave
has a stochastic Floquet Form: a produce of a periodic stationary random function and
an exponential phase factor. Due to the periodicity, such a periodic stationary random
function may be written as a harmonic series representation [20], where the coefficient
functions are mutually correlated stationary processes rather than constants. Due to the
randomness, we may represent such stationary processes in terms of functional expansions
with unknown Wiener kernel functions. When the surface has slight roughness and gentle
slope, hierarchical equations of the kernel functions may be obtained from an approximate
boundary condition. Determining the kernel functions, we then calculate several statis-
tical properties, such as the coherent scattering, angular distributions of the incoherent
scattering and the optical theorem. We find that the periodic random surface works as a
periodic grating for the coherent wave, which is diffracted into discrete directions. These
coherently diffracted waves are scattered into all the directions due to the randomness and
diffracted again due to the periodicity. Moreover, the incoherent scattering has ripples
in angular distributions due to inference between the coherently diffracted waves with

different orders.

In chapter 3, we discuss the scattering of a TM plane wave from a periodic random
surface [39]. When the average surface is flat and the TM plane incidence, the guided sur-
face wave exists so that Wood’s anomalies may be generated. Because of the existence of
such anomalous scattering, it is difficult to obtain a convergent solution. Thus, we assume
that the random surface has a periodic average with a small height. By the stochastic
functional approach, we approximately obtain up to the second order Wiener kernels, in
terms of which we calculate statistical quantities. The 0 order Wiener kernel describes the

coherent diffraction amplitudes, which rapidly vary against the angle of incidence due to
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Wood’s anomalies. The 1st order Wiener kernel represents amplitudes of the incoherently
scattered waves generated by a combination of single-scattering and diffraction. It yields
the incoherent Wood’s anomalies, which appear as strong and narrow peaks in the an-
gular distribution of the incoherent scattering. The 2nd order kernel gives an interaction
between double-scattering and diffraction. Even though the 2nd Wiener order kernel is
relatively small in quantity for slightly rough case, it is important, because it gives the
backscattering enhancement, which is a double-scattering effect on randomly rough sur-
face. Furthermore, we find another enhancement, that is the “diffracted backscattering

enhancement” of the incoherent scattering in the periodic random case.

As mentioned above, we discuss the scattering from periodic random surfaces with
Gaussian random sequence by Wiener’s functional theory. When the surfaces are ran-
domly deformed by a binary sequence, however, we need a corresponding theory instead
of Wiener’s theory. Thus, in chapter 4, we discuss the theory concerning the orthogonal
functionals of a stochastic binary sequence [69]-[71]. We give some new formulas such as
the multi-variate orthogonal polynomials, recurrence formula and genefating function in
explicit form. We also discuss a simple example of a stochastic functional of the stationary
binary sequence. These formulas may be applied to not only scattering problems but also

various random problems in physics and engineering.

In chapter 5, we deal with the scattering from a periodic binary random surface, which
is generated by a periodic translation of a local surface profile, of which height is modu-
lated by a stationary binary sequence [72],[73]. Such a periodic random surface becomes
mathematically a periodic stationary process. In chapter 2, we used Wiener expansion
to represent wave function for the Gaussian random sequence. However, we will use
the orthogonal functional expansion (binary expansion) to expresé the scattered wave for
the stationary binary sequence. Binary kernels are approximately determined by matrix
equations which are obtained from the boundary condition. Then, we calculate several
statistical properties of the diffraction and scattering, such as the coherently diffracted
power, the scattering cross section and the optical theorem. Even though diffraction ef-
ficiencies are related with both the height of average periodic surface and the amplitude
of random deformation, it is concluded that the total diffraction power depends on only

the amplitude of random deformation.

In chapter 6, we discuss a probabilistic theory of scattering from a two-dimensional

thin film with randomly fluctuating permittivity [74]. For an Gaussian random disorder,
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i first order solution is derived explicitly by a probabilistic method. Using the first order
solution, we calculate several statistical properties of the scattering, such as the angular
distribution of the incoherent scattering, optical theorem and the coherent scattering.
Then, we demonstrate that ripples appear in the angular distribution of the incoherent
scattering. Moreover, the incoherent scattering can be enhanced in the directions of
backscattering and specular reflection. We clarify that these phenomena occur from a
combination of ‘single-scattering’ by a random medium and multiple reflection between
the top and bottom surfaces of the thin film.

Chapter 7 is the conclusion of our results in this thesis. We will give some problems
which are to be resolved in future. '

In chapters 2, 3 and 6, we have used some formulae on multi-variate Hermite polyno-
mials and the Wiener expansion. In appendix A, we summarize several formulas on the

Wiener expansion.
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Introduction




Chapter 2

Scattering of a TE plane wave from-

periodic random surfaces

2.1 Introduction

Scattering from periodic random surfaces is an important problem in practical applica-
tions such as active remote sensing of plowed fields and oéean surfaces. It is a theoretically
interesting problem because the coherent wave is diffracted into discrete directions due
to the periodicity, the incoherent wave is scattered into all directions due to the ran-
domness, and the interactions occur between diffraction and scattering. Several authors
have studied such problems by the small perturbation method [16],{17], the Kirchhoff ap-
proximation [17] and the integral equation method. In this chapter, we present another
systematic formulation based on the stochastic functional approach [60],[75],[76].

We assume that a periodic random surface is generated by a periodic translation of
a local surface profile, the amplitude of which is modulated by a stationary Gaussian
sequence. In Sec.2.2, we show that the scattered wave has a stochastic Floquet form: a
product of a periodic stationary random function and an exponential phase factor. In
Sec.2.3, we represent such a periodic stationary random process by a harmonic series rep-
resentation similar to a Fourier series, where the “Fourier coefficients” are not constants
but mutually correlated stationary processes. As a stochastic functional of the Gaussian
random amplitudes, such stationary processes are represented in terms of a Wiener ex-
pansion with unknown Wiener kernels; Wiener expansion formulae are summarized in
Appendix A. In terms of the Wiener kernels, we get expressions of several statistical
properties of the scattering, such as the coherent scattering, angular distributions of the
incoherent scattering and optical theorem. Solving the approximate Dirichlet condition
for the case of a slightly rough surface and TE wave incidence, we get an approximate
result of low order Wiener kernels in Sec.2.5. Further, we illustrate the numerical results
in Sec.2.6. Then, we find that the periodic random surface works as a periodic grating for
the coherent wave, which is diffracted into discrete directions. Moreover, the incoherent

waves scattered into all directions are generated from all coherently diffracted waves.

15
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z = f(z,w) = a%g(;n —nL)e,(w)

Figure 2.1: Scattering of a TE plane wave from a periodic random surface. L is the
period, o is a roughness parameter, 0 is the angle of incidence and ¢ is a scattering angle.

The coherent wave is diffracted into only discrete directions indicated by numbers.

2.2 Probabilistic formulation of the problem

Let us consider the periodic random surface, shown in Fig.2.1, where the surface defor-
mation is expressed by a periodic stationary random process f(z,w),
[ee]

e=fle,w)=a 3 gla—nL)e(w), (2.1)

n=-—00

where g(z) is the local surface profile’, L is the period, o is a roughness parameter, and

€,(w) is an independent Gaussian sequence with zero average and orthogonal correlation,

(en(w)) =0, (en(w)enm(w)) = d(n,m), (2.2)

where §(n,m) is the Kronecker delta, w is a probability parameter denoting a sample

point in the sample space 2, and the angle bracket is the ensemble average over (). From

Here, without loss of generality, we may assume hat ¢(x) has the maximum value g(0) = lat 2 =0
and rapidly vanishes as |z| = oo.
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(2.1) and (2.2), f(z,w) satisfies

(f(”L',UJ)) =0, (23)
R(w,@) = (f(z,w)f(z',w)
= o? i g(x —nL)g(z' —nL) = R(z + L,2' + L). (2.4)

n=-oo

Figure 2.2: The correlation function R(w,z'), calculated by equations (2.4) and (2.63)
with parameters £ = 1.0A and L = 3A, where A is the wavelength. R(z,z') is a periodic

function of @ or 2’ on the plane “x — 2’ = constant” with period L.

Clearly, f(z,w) has zero average, and the correlation function R(z,2') is a periodic
function of  or 2’ on the plane “z —a' = constant” with period L. For understanding the
periodicity, a numerical example is given in Fig.2.2. Note that there is no periodicity in a
realization of our periodic random surface f(z,w). However, it has a periodic correlation
function so that the diffraction into discrete directions may take place. On the other
hand, the scattering into all directions may exist due to the randomness .

For any periodic stationary process f(x,w), it is convenient to introduce the norm ||-||
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as

el = 1 [ 41, )da, (25)

where (| f(z,w)|?) is a periodic function with the period L. Thus, the norm is proportional
to the space average of (| f(x,w)|?) over one period.

We regard a probability parameter w as an infinitely dimensional vector given by a
sample sequence:

w = ("'7"‘)—17(")070‘)1)"')7 Wy zcn(w)’ (26)

where w,, is the n-th component of w. By a translation with m : ¢,(w) = €,4m(w), such a
sample vector w is shifted into another sample vector w'=(- - -, €4 (w), € (W), emp(w), ),
which is a shift in the sample space © and is formally represented as w’ = T™w with a
shift operator T'. Since ¢,(w) is an independent stationary sequence, the shift 7' becomes

a measure-preserving transformation? with group properties:
T° = 1(identity), T™T™ = T"™™. ‘ (2.7)
As a result, it holds that
em(w) = e(T"w), (2.8)

for almost all w. Taking this fact, we find a shift invariance property of (2.1) as
flz,w) = fla + mL, T""w), (2.9)

where m is any integer. Note that f(z,w) is invariant under the two-dimensional shift
which takes (z,w) into (¢ +mL, T ™w). This property will be used later.
Let us denote the y component of the TE electric field by ¥(z,z,w), which satisfies

the wave equation in free space,

2 2
{ba‘ﬁ + 5%—5 -+ kz} V(z,z,w) =0, (2.10)

where real k is wave number. When the periodic random surface is perfectly conductive,

the wave function satisfies the Dirichlet condition:

U(z,z,w) =0 for z = f(z,w). (2.11)

?A measure-preserving transformation 7' means that P(w) = P(T™w), where P is the probability, m

is any integer and w is any sample point.
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The wave function ¥(z, z,w) may be written as a sum of the incident plane wave W;(z, 2)

and the scattered wave W,(z, z,w) which is a random function,

U(z,z,w) = Ui(x,2) + Yy(z, z,w), (2.12)

\Ili(mﬁz) = eipz——iﬁo(p)z, (2]3)
2mn\?

p=ksind, Ba(\) = k2 — (A+ " ) ,

hn[ﬁn(p)] Z 07 n = 0 + 1) :{:27 Y (214)

where 0 is the angle of incidence and ‘Im’ denotes the imaginary part. For determining a
form of the scattered wave W,(z,z,w), we introduce a translation operator D acting on

the wave function ¥(z,z,w) by the relation:
D™¥(z,z,w) =V (x+mL,z, T "w), (m=0,+1,4£2,--.). (2.15)

As mentioned above, f(z,w) is invariant under shift: (z,w) — (z+mL, T ™w). Therefore,
by the definition of the operator D, f(x,w) is also invariant under the operator D, so that
if ¥(z,z,w) is a solution satisfying wave equation (2.10) and boundéry condition (2.11),
D™ (z, z,w) is a solution of the problem, too. Because the incident plane wave satisfies
the relation

D™Wy(x,z) = €P™lW,(z, 2), (2.16)
and because the corresponding scattered wave is D™W,(z, z,w) and e?™LU (z,z,w), we
get,

U,(z 4+ mL,z,T"™w) = D™U,(z, z,w) = "™V (2, z,w), (2.17)
which indicates that the scattered wave does not satisfy the shift invariance property. If
we put

Uz, z,w) = e" PV, (z, z,w), (2.18)

from (2.17) we find the shift invariance property

Uz +mL,z,T™™w) = e e Py (24 L2, T ™w)
= e P, (2, 2,w0)

= U(z,z,w). (2.19)

This means that a possible solution to this relation (2.17) is given by the stochastic

Floquet form,
U, (z,z,w) = ePU(z, 2,w), (2.20)
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where U(z, z,w) is a periodic stationary process of 2 with the period L, enjoying

(Ule + Lyzw) = (U(2,2,Tw)) = (U(z, 2,w), (2.21)
RV(z 4 L,2' 4+ L,z) = (U(x+ L,z,w)U(z'+ L, z,w))
= (U(x,z,Tw)U(z', z,Tw)) = RY(z,2, 2), (2.22)

which are periodic average and periodic correlation function of . Note that the form of

solution (2.20) can be understood as a stochastic analogue to Floquet’s solution
U, (z,2) = Uz, 2), (2.23)

which is the diffracted wave with an incident plane wave from a perfectly periodic surface.
Here, U(z, z) is reduced to a periodic function of x having the same period as the periodic
surface does, and can be represented by Fourier series
o0 .
Ulz,z)= Y eﬁ"T,EV,L(z). (2.24)
n=—o0
where V,,(z) is the Fourier coefficient.
We have seen that the problem is reduced to finding a periodic stationary process
U(z,z,w). In order to obtain the periodic stationary process, we employ a harmonic

series representation for the periodic random surface and the periodic stationary process

Uz, z,w).

2.3 Representation for periodic stationary process

When the local surface profile g(x) is a square integrable function, by use of the Fourier
integral we may write

() :/‘x' MG = S e‘-’%”/iemc:@(A)d,\,
. s

g=-00
2mq

GO\ = G(/\ + -L-) G (\) = GEI(=)), (2.25)

where the asterisk is the complex conjugate. Ilere, we have divided the wavenumber
region into bands with equal bandwidth 27 /L. Substituting (2.25) into (2.1), we obtain
the harmonic series representation as

Jla,w)= 3 "5 f0(a,0), (2.26)

q=-—=00
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which is similar to Fourier series, but Fourier coefficient f(9(x,w) is not a constant and

is a complex valued stationary process:

f@w) = o 3 aw) [©DEOM),

-
n=m—0od L

f(")*(x,w) = f(-q)(l,’w)' (

Since €,(w) has zero average, f(9(z,w) also has zero average

o
o
~3
p—_

(fD(2,w)) = 0. (2.28)
Let us calculate the mutual correlation function Ryp(z,2'):
Rup(,2) = (O (x,0) " (a',w))

D) 2 xr , ,
= L[ GG (), (2.29)

T
which depends on only the difference & — a’. This means that f(@(z,w) is a stationary

process. Then, denoting R, (x,a') = R, (x — a'), we easily find
Ry (x) = Ryg(—2),  Ry(0) > 0. ’ (2.30)
Note that (2.29) is obtained from (2.27) and the relation:

3 GLmOA-N) o > S(LA = LX +27m)

o2 & 2wm
= — S(A — N 4+ —). 2.
Lm;oo( +=7) (2.31)

Next, let us consider a stochastic representation of the periodic stationary random process
U(z,z,w). Since U(z,z,w) is a stochastic functional of the Gaussian sequence {¢,(w)},
it can be represented by a Wiener expansion (A.17) for each value of (z,z). Taking the
fact that U(z,z,w) is a periodic stationary process of x with period L and making a
modification for such an expansion to satisfy (2.19), we write

Uz, z,w) = Co(z,z) + Z Cy(x —ml, 2)hV[e,)

M=~ 00

+ 3 Cy(a—mL,z—nlL, 2)hDep, €] + -+, (2.32)

m,N=—00
where h("[] is the multi-variate Hermite polynomial defined in Appendix A, Co(z, z),
Ci(z — mL,z), --- are deterministic coefficient functions called Wiener kernels. From

(2.19), (2.32) and the average relation (A.12) of h("[-], we have

Co(z+ L,z) = (U(z + L,z,Tw)) = (U(z, z,w)) = Co(, 2). (2.33)
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Obviously, (U(z,z,w)) is periodic, and Cy(z,z) becomes a periodic function of z. On
one hand, representing the Wiener kernels by their Fourier integrals and dividing the
wavenumber region into bands with equal band width 27/, we can rewrite the periodic
stationary process U(x, z,w) in terms of a harmonic series representation. On the other
hand, since e’”*U(x, z,w) satisfies the wave equation (2.10) and the radiation condition
for 2 — 0o, we can obtain the concrete form of the harmonic series representation
oo
Ulz,z,w)= > e 2@ (z,2z,w), (2.34)
g=—o0

which enjoys the shift invariance property

U (e, 2,0) = CP )0 1 37 10fg,] [T cl(n)eeniirinizgy

M=-00 l[:'
+ i h(z)km’f“]//i 059)()\],)\2)61’)\1(xtmLH—/\z(m—nL)+iﬁq(p+)\1+)\2)zd/\ld/\2
m,n=-—o0 - T
4. (2.35)
U@(z, z,w) = UD (2 +mlL,z, T "w), ) (2.36)

where C{?(p), c W), (), Az), -+ are deterministic Weiner kernels in the spectral
domain. By the orthogonal property (A.11) of h([], the identity (2.31) and (2.35), we

have
/(@) T, z,w — Cf(‘l) eiﬁq(P)Z, 237
o \P
which means that the average value of U(9)(z, z,w) is independent of z, and

Ro(z—2',2) = (U9(z,z,w) U, 2 ,w))
= ¢y e )*( ) iBy(p)z—=iBy (p)=

2/

-;>,

(v(q (/\\)ei)‘(-73_13’)+iﬂq(p‘")\)z"iﬂql(l"f‘/\)zd)\

r«l:a

(2.38)

which indicates that the mutual correlation function RY,(x — a’, 2) depends on only the

o (2

difference & —2’, so that [/{9(x, z,w) becomes a stationary process of z. Using the relation

(2.38), we obtain the correlation function RY(z,2’,2) of Uz, z,w)

RY(x,2',2) = (U(z, z,w)U*(2', z,w))

00 7O 7 /:7/
= e [ALE_LJ}R(~> (2.30)

q,9'=—o00
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As a result, a periodic stationary process of x satisfying the shift invariance property
(2.19) has a harmonic series representation similar to Fourier series, where the “Fourier
coefficients” are stationary processes having the averages independent of  and the mutual
correlation functions which depend on only the difference of z. This conclusion will be

used in section 2.5.

2.4 Coherent wave, optical theorem and incoherent

scattering cross section

From the harmonic series representation (2.34), we complete a stochastic representation

of the scattered wave field

\Ils(m,z,w) = Z ei(P“'?‘%ﬂ)m [C‘(()Q)(p)giﬁq(lﬂ)z
q=—00
= i . .
+ 30 hen] / C O (NN E BNz g )
M==—00 -T

+ Z h(z)[fm, 611]//—11 C*gq)(/\hAz)ei’\'(x_mL)H‘Q(x""LHw"(H’\‘+'\2)zd)\1d/\2
T

m,n=—o00

+} (2.40)

which is physically represented only by out-going plane waves. Since h("[] has zero

average when n > 1, we obtain from (2.12) and (2.40) the coherent wave (average wave)

(B(z,2,0)) = €7 [e"’”""”z + Y ST (p)) (241)
g=—00

This is exactly the Floquet’s solution for a periodic grating. Thus, the periodic random
surface works as a perfectly periodic surface for the coherent scattering. Here, C(g[”(p)
is the amplitude of the coherent wave diffracted into the direction ¢,(p), Cfﬂ()\) and
C.ﬁ"’(,\,, \y) are amplitude factors of incoherent waves scattered into the directions ¢, (p +
A) and ¢y(p + A1 + Ay), respectively, where

2mq

1
de(p) = sin"lg(]%l— 7 ), q=0,£1,4+2 ... (2.42)

Note that the coherent wave is diffracted into only discrete directions but the incoherent

wave is scattered into all directions, as shown in Fig.2.3.
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Figure 2.3: The coherent wave is diffracted into only discrete directions but the incoherent

wave is scattered into all directions.

Next, we consider the optical theorem. I'rom the wave equation (2.10), we obtain an

identity:
PV — OV = V- (OVT - UV T)

= div[Im(¥"grad¥)| = 0, (2.43)

where V is nabla operator, ‘div’ is the divergence and ‘grad’ denotes the gradient. In a
loss-less case, we integrate the identity (2.43) over the area ABCDA (length: 2nlL + L;
height: zo > |f(z,w)| ) on the periodic random surface, shown in Fig.2.4. Note that we
take a sufficiently large real number zo such that zo > | f(x,w)]| for any = and w. Applying

the Green theorem, we obtain another identity

g
(/AB dx + ./BC d=z + oD dl + DA (14) Im ( B gra.d\Il) =0,

where the third integral is the curvilinear integral along the periodic random surface. The

(2.44)

integral over CD vanishes for the Dirichlet condition. Since the intervals BC and DA are

finite, the integrals over BC and DA are physically expected to be finite. Dividing (2.44)
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Figure 2.4: A box region ABCDA on the periodic random surface to derive the optical

theorem.

by 2nL + L and letting n — oo, we have

: 1 nltf o
Jg&?nL+l}—Mféhnczgudw>zﬁ(m
LL+L '
n-—)OO ‘)nL + L L;n/ kL—% ( > zzzodw =0 (2'45)

Because of the stochastic Floquet form (2.20), U*grad ¥ is a periodic stationary process of
z, and its integral over one period becomes a stationary sequence. Applying the ergodic

theorem to'such a stationary sequence, we get

1 (% U* oW
Z ‘/_L. Re<—zf-5;‘ z=20>(l;’(7

_ ﬂo(P) g Qj?_l[ o 9
= T L/_— Re T . dz =0, (2.46)

where ‘Re’ denotes the real part. Substituting (2.34) and (2.35) into (2.46) and using the
orthogonality relation (A.11), we obtain the optical theorem

Bo(p — Re ﬂn n
_é})z 3 Re[fn(p)] IC() i

n=-—0od
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v 5 {n() [} Ao

iy gLf_) //- Re[B.(p + \1)]

; 5 O, Aa)[ AN + -+ } (2.47)

The left-hand side in (2.47) is the incident power per unit length, and the first term of
the right-hand side is the total coherent power. An integral term in (2.47) indicates an
incoherently scattered power. If a scattering angle is denoted by ¢ (see Fig.2.1), the

optical theorem can be expressed by another form as

cos0= 3. Relcos dalpICS D + 5= [ oi(l0)de, (2.48)

where ¢, (p) is given by (2.42) and o;(¢]6) is the scattering cross section per unit area,

2

S(An)

o) = 2mhcos’ ¢ 3 { (2;

N -—00

o)

20\2 [ | n i

+2!(7”-) /’" |0 = X5 (8 - A’)dA’+---}, (2.49)
“ -7

2mn

[/ 9

An = k(sin ¢ — sin 0) —

where S(A) =1 for [A| < w/L and S(A) =0 for |A\| > n/L. We will calculate numerically

these quantities by use of zero order and first order Wiener kernels.

2.5 An approximate solution

Let us determine the Wiener kernel functions by using the boundary condition. For
simplicity, however, we only consider the case that the random surface is slight roughness
and gentle sloping. In this case, the boundary condition may be approximated by

oV (z, z,w)

V(x, z,w) + flz,w) 5,

=0 (z=0). (2.50)

Because f(x,w) is a periodic stationary process and ¥(z, z,w) is a product of a periodic
stationary process and an exponential phase factor, the left-hand side of (2.50) becomes a
product of an exponential phase factor and a periodic stationary process. As mentioned
above, such a periodic stationary process can be expresses by a harmonic series represen-
tation, where the “Fourier coefficients” have the correlation functions depending on only

the difference of variable z. Substituting (2.12), (2.20), (2.34) and (2.26) into (2.50), and
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rewriting the left-hand side of (2.50), we have

Y VO (z,w) = 0, (2.51)
g=-00
V(q)(wvw) = 5((]70) + U(Q)(wao""‘)) - iﬂo(p)f(q)(x,w)
0 (m)
+o Z f(q—m)(m,w)w (2.52)
me=—00 0z z=0,

where V(@(z,w) is a stationary process in the z direction, having a mean value inde-
pendent of = and the mutual correlation function R} (z —2') = (V@(z,w)V (2’ w))
depending only the difference @ — &’. Calculating (2.51) in the sense of the norm (2.5),

we get

|| S VO (,0)|

g=--00
°° 2
ra Z Raq <|V(q)(w>w)l >:“ 0, (2.53)
g=—00 g=—00
which implies
RV <IV @) (g w)| > =0, for any integer q. (2.54)

Substituting (2.35) and (2.52) into this, and using the orthogonality relation of A(™[] in
(2.54), we obtain hierarchical equations for the Wiener kernels. Some low order equations
are

(0 order) *

o

CS")(P)+6(n,O)+i220 > [ GNP NB(p+ VA =0, (255)

h:i

(1st order)

CN) — iGN +io 3o GEINC (p)B ()

=00

FEIT S5 [P G NC 0N B+ A+ X)X =0, (256)
T

rem—00

(2nd order)

CON) — iofo(p) GO +io S GEINCE ()6 (p)

r=-—00
sl

L47T0" Z /1.7r - ,) C(r)(/\ bV B (p+ X+ N )d,\’ = 0. (2.57)

re=—00 L
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Let us obtain a solution involving only (?'((,")(p) and C{")()\). Neglecting Cér)()\,/\') in
(2.56), we approximately get '

W mie 3 GIOEM[E0 - W) (258)

r=-—00

0.015

0.005

-0.015

-0.025

-15

Figure 2.5: Real and imaginary parts of mass operator M, ,(p) for parameters kL = 6,
0 = 30°, kk = 27 and o = 0.2r. The real part becomes large as the diagonal value of

m = n gets large. The imaginary part is relatively small.

Since Cf")()\) is an amplitude factor of an incoherent wave, this equation physically
implies that incoherent scattered waves are generated by the incident plane wave and all
order coherently diffracted waves. Substituting (2.58) into (2.55), we have an equation
for C§™ (),

i [5(12,771.) + A'[nym(p)]C'g'”)(p) = —4§(n,0) + M, o(p), (2.59)

m=-—00

where M, ,,,(p) is the so-called mass operator

27I'0'2 o — % (n—r) W(r—m)
M) = =7=Bu®) 3o [0 GODENGENB(p+ N, (260
T

r=—00



2.5  An approximate solution 29

which is proportional to 0. The real and imaginary parts are shown in Fig.2.5, where
the Re[M, . (p)] is localized on the diagonal line with n = m and the imaginary part is
much small. It should be noted that Re[M, ..(p)] increases on the diagonal line when
|m|(m = n) gets large. Since the mass operator describes a double-scattering effect, the
solution Cém)(p) of (2.59) involves multiple-scattering effect. For a sufficiently small o2,
we roughly estimate Ci™ (p) from (2.59) as

© /.y .. Mop(p) =1
CO (p) ~ Afo,o(P) + 17

Mo o(p) Mrm o(p)
(Mo m(p) + 1][Moo(p) + 1]

O™ (p) ~ (m#0).  (2.61)

Since C(()O)(p) is the reflection coefficient for the specularly reflected wave, My o(p) may be
regarded as the equivalent surface impedance. The real part of My o(p) implies the energy
dissipation of the specularly reflected wave due to diffraction and incoherent scattering,
and the imaginary part suggests the stored energy due to evanescent waves propagating
along the surface. C((,U)(p) is of the order of 0%, but the amplitude C'.gm)(p) becomes a
small quantity proportional to 6 when m # 0. However, if we put C(go)(p) = —§(n,0),
then expression (2.58) is reduced to the first order perturbed solution involving only
single-scattering. Such a solution involving multiple-scattering may be obtained by an
alternative perturbation method [77] or by a smoothing method [78]. However, our ap-
proach has an advantage such that a solution involving multiple-scattering is obtained by
simple algebraic calculations based on the orthogonality relation (A.11) and the recurrence
formula (A.7).

Substituting (2.58) into (2.49), the incoherent scattering cross section o;(¢|f) is ap-

proximately expressed as

472 ko? sin® ¢

00 » " ‘ ' 2
x| S G(kcosd —kcosd — 2—}’—)ﬁ,(kcos 0)[8(r,0) — €& (p)]| - (2:62)

ra=—=00

This means that o;(|0) is determined by the contributions from these coherently diffracted
waves with amplitude Cér)(p). It is important to note that the summation is performed
in complex amplitude in (2.62). In other words, incoherent waves generated by coher-
ently diffracted waves with different order interfere each other, which causes ripples in the
angular distribution of the incoherent scattering, as shown below. Note that such inter-
ference is physically expected, because cach coherently diffracted wave is scattered by a

single random surface when w is fixed. Since coherently diffracted waves are generated by
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the multiple-scattering, such ripples may disappear in case of the first order perturbation
solution with C(g")(p) = —§(n,0). However, such ripples in the incoherent scattering were

reported in case of a roughened sinusoid [17].

10

Scattering cross section © (6]0) in dB

45 - 90
Scattering angle ¢ in Degree

Figure 2.6: Scattering cross section o;(¢|f) and incoherent scattering generated by each
coherently diffracted wave, the order of which is shown by a number. Here, parameters

are 8 = 30°, L = 3A, k = 1A and o = 0.1A. Due to the interference, the scattering cross

section has a ripple.

2.6 Numerical examples

For numerical calculations, we assume the local surface profile function
2

g(z) = exp ( - %), G(A) = ﬁexp ( - 222,\_2>’ (2.63)

where & is a constant determining the surface shape. Also, we approximate infinite sum-
mations in (2.58), (2.59), (2.60) and (2.62) by a finite sum from —15 to 15.

For the angle of incidence 0 = 60°, the period L = 3A, roughness parameter o = 0.1A
and £ = 1A, A being wavelength, we calculated the scattering cross section o;(¢[f) in

Figs.2.6-2.9. Figure 2.6 shows that the incoherent scattering is generated from each order
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coherent diffracted wave. Due to the interference, there is a dip in the angular distribution
of a;(¢|0). Figure 2.7 illustrates the scattering cross section for several angles of incidence.
The incoherent scattering is relatively strong in the direction of specular reflection, i.e.,
$o(0) direction. We see ripples due to the interference. From (2.62), the scattering cross
section is proportional to o2, as shown in Fig.2.8. As the period L becomes short, the
incoherent scattering spreads widely, as illustrated in Fig.2.9. Figure 2.10 shows the
backscattering cross section o;(—@|¢), which also has ripples due to the interference. The
backscattering is relatively strong when the incident angle is 0°. When « gets small, the
backscattering cross section spreads widely in the scattering angle. This is because the
surface slope increases for a small , as seen in (2.63). '

Figure 2.11 illustrates the optical theorem as a function of the surface roughness
parameter 0. When the surface becomes rough, the incoherent scattering and non-zero
order coherent diffraction increase in power, but the zero order coherent diffraction and
total coherent scattering, which includes all order coherent diffractions, decrease instead.
However, non-zero order coherent diffractions are small, as is expected from (2.61). As a
result, total power including all order coherent and incoherent scattering power becomes
almost constant, approximately equal to the incident power that is normalized to unity.
Figure 2.12 shows the optical theorem as a function of angle of incidence #. Since L =
3A, the 1st and 2nd order coherent diffractions vanish when 6 < 41.8° and 8 < 19.5°%,

respectively.
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Figure 2.7: Scattering cross section o;(¢|0) for several angles of incidence # with param-

eters L = 3A, £ = 1A and o = 0.1A. Incoherent scattering is relatively strong in the

direction of specular reflection.
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Figure 2.9: Scattering cross section for different period L with parameters § = 30°,

o = 0.1A and k = 1A. The incoherent scattering spreads widely as the period L gets

short.
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Figure 2.10: Backscattering cross section o;(—¢|¢) with parameters o = 0.1A and L =

3A. Due to interference, there are some ripples in the backscattering cross section. The

backscattering is relatively strong when the incident angle is 0°.
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Figure 2.11: Relative power against roughness o with parameters L = 3A, £ = 1A and
6 = 30°. (a) Total power including incoherent and total coherent scattering power, total
coherent power, the zero order coherently diffracted power (specularly reflected power),
and incoherent scattering power. Total power is almost equal to the incident power that is

normalized to unity. (b) Enlarged %1st order and 2nd order coherently diffracted power.
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Figure 2.12: Optical theorem against the angle of incidence § with parameters I = 3A,
£ = 1A and ¢ = 0.1A. (a) Total power including incoherent and total coherent power,
total coherent power, the zero order coherently diffracted power (specularly reflected
power), and incoherent power. Total power is almost equal to the incident power that
is normalized as unity. (b) Enlarged +1st order coherently diffracted power, where the
1st order coherently diffracted power vanishes when 6 < 41.8°. (c) Enlarged +2nd order

coherently diffracted power, where the 2nd order power becomes zero for 8 < 19.5°.
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2.7 Conclusion

We have proposed a probabilistic theory of scattering from periodic random surfaces.
Assuming that the periodic random surface is mathematically modeled by a periodic
stationary process, we first point out that the scattered wave has a stochastic Floquet
form. We prove that coherent wave has the Floquet form, which means that the random
surface works as a periodic grating for the coherent scattering. Further, we find that
incoherent waves are generated by coherently diffracted waves with different order and
interfere each other to cause ripples in the angular distribution of the incoherent scattering.

Also, our probabilistic approach can be applied to other periodic random surfaces such
as a randomly roughened sinusoid and an array of randomly rough strips, because such
surfaces are modeled by a periodic stationary process. k

In table 2.1, we compare the theory of diffraction gratings with the scattering theory
from periodic random surfaces and random surfaces.

In this chapter, however, we only discussed periodic random surfaces with zero average.
In fact, there is no difficulty to study periodic random surfaces which has a nonzero
periodic average. On the other hand, we have calculated statistical properties of the
scattering only by the zero order and first order kernels, neglecting higher order kernels.
To get accurate statistical properties, we should consider the second order kernels. It
seems that no problem in theory to determine high order kernels.

Further, there are some problems to be considered. They are

(i) the roughness parameter is relatively large,

(i1) the case of two-dimensional surface.

It is quite difficult to treat the problem (i) of scattering from very rough surfaces
analytically, and few analytical theories have been proposed for such surfaces.

To resolve the problem (ii), some formulas of orthogonal functionals on two-dimensional
Gaussian sequence have to be first developed. The orthogonal relation formulas of the

Hermite polynomials in Appendix A are easily extended for the two-dimensional case.
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Chapter 3

Scattering of a TM plane wave from

periodic random surfaces

3.1 Introduction

In the previous chapter, we have discussed the statistical properties of scattering from pe-
riodic random surfaces by the stochastic functional theory, where the boundary condition
was given by the Dirichlet condition. In this chapter, we will study the case of Neumann
condition by use of the stochastic functional theory,

Enhanced backscattering from random rough surfaces has been studied in several cases,
for example, by Ishimaru and Chen for a very rough surface using Kirchhoff approximation
[79], Ogura et al for a slightly random surface [43] and for a dielectric waveguide with
a rough boundary [80] based on stochastic functional approach. On the other hand,
Mendez and O’donnell have experimentally observed the enhanced backscattering from a
randomly perturbed periodic grating [21]. In this chapter, theoretical study is developed
for the enhanced backscattering from a randomly deformed periodic grating.

Scattering problem of Neumann condition is quite complicated, because a guided sur-
face wave propagates along the surface and is excited by an incident wave. The pertur-
bation method gives a wave field where the guided surface wave has an infinitely large
amplitude. As a result, the coherent wave and the incoherent wave by the perturbation
method diverge unphysically. However, our stochastic functional theory yields a finite
wave field, in terms of which any statistical properties of the scattering and diffraction
can be obtained. In this chapter, we assume that the periodic random surface has a
periodic average with a relatively small height. We express the scattered wave as the har-
monic series representation with coeflicient functions represented by Wiener expansions.
In Sec.3.3, we represent the reciprocal theorem of Wiener kernels and the incoherent scat-
tering cross section. From an approximate Neumann boundary condition, we obtain the
zero, first and second order Wiener kernels, which are expressed in matrix form and satisfy
reciprocal relations. |

In Sec.3.5, we discuss the 0 order kcrnélé, which describe the coherent diffraction

39
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Figure 3.1: Scattering of a TM plane wave from a randomly deformed periodic surface.
L is the period. p, and p; are height parameters. 0 is the angle of incidence and ¢ is a
scattering angle. The coherent wave is dilfracted into only discrete directions indicated

by numbers.

amplitudes. We see that Wood’s anomalies appear as rapid variations in the diffracted
amplitudes against the angle of incidence. In Sec.3.6, we consider the first order ker-
nels, which are generated by a combination of single-scattering and diffraction. Because
an incoherent guided surface wave propagating along the surface is excited for any an-
gle of incidence, there is anomalous scattering that appears as strong and narrow peaks
in angular distribution of incoherent scattering. We call this anomalous phenomenon
the incoherent Wood’s anomaly. The scattering angles of such peaks are determined by
the surface period and wavelength, but they are independent of the angle of incidence.
In Sec.3.7, we analyze the 2und order kerncls, which involve two double-scattering and
diffraction processes. Iiven though the 2nd order kernel is small in quantity for slightly
rough case, it is important, because it gives the backscattering enhancement. As is well-
known [81], the backscattering enhancement is a double-scattering effect on randomly

rough surfaces. Furthermore, we find another enhancement phenomenon of the incoher-
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ent scattering, which we call the diffracted backscattering enhancement. Because of the
interaction between double-scattering and diffraction, however, the enhanced backscat-
tering wave is diffracted again by the periodic component of the surface. Due to this
physical process, the incoherent wave is slightly enhanced in the directions of diffraction

of the backscattered wave.

3.2 Probabilistic formulation of the problem

Let us consider a periodic random surface, shown in I'ig.3.1, where the surface deformation
is expressed by a periodic stationary random process f(z,w),

2= flz,w)= 3 glz —nL)lpo+ prea(w)], (3.1)
where g(x) is the local surface profile, L is the period, pg + p1€,(w) is the amplitude of
the local surface at @ = nL, and ¢,(w) is an independent Gaussian sequence with zero

average and orthogonal correlation satisfying (2.2). From (3.1) and (2.2), f(z,w) satisfies

() = po 3 gle—nL) = ((e+ L)), (3.2)
Rz,') = ([f(z,0) = ((z,w))] - [f(z,w) = (f(",))])
= p? ; g(x —nL)g(z' — nL) = R(z + L,z" + L). (3.3)

Clearly, f(z,w) has periodic average and periodic correlation. Note that the periodic
random surface consists of periodic component (average part) with the height parameter
po and random component with the amplitude parameter p;.

As discussed in chapter 2, a periodic stationary random function is known to have
a harmonic series representation, whose coefficient functions are stationary random pro-

cesses. We obtain from (3.1) the harmonic series representation for f(z,w) as

flaw) = S "B 10(z,w), (3.4)
q==-00
D] oo I .
faw) = ZRGEO0)+p 3 A0, / "D G (M)A,
o n=-0co - :
P w) = [0a0), (35)

where G@()) is obtained from the Fourier integral of the local profile g(z) defined by

(2.25). Here, fW(z,w) is a complex stationary randoim process with a constant average
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and mutual correlation function Ryq(2):

(fO(z,w)) = gzrfﬂG“”(O), (3.6)
mﬂﬂ-w”=<Umuun—<Wwa»HWNw~o—umu%mﬂ>
= 3’%@ | ; A= G () GE* () dA, (3.7)

Ri(z) = Ryg(—x),  Ryy(0) > 0.

Let us denote the y component of the TM magnetic field by ¥(z, z,w|Ao), which is a
sum of the incident plane wave W;(z,z|)\o) and the scattered field ¥ (z, z,w|Ao) that is a

random function, and these fields satisfy

9* 0 .
Hﬂ&ﬁﬂW“MWﬂ’ (3.8)
W, z,0lh0) = Wiz, 2[A) + Wi (2, z,0]A0), (3.9)
Wi, 2|o) = ePos-itdo)s, (3.10)
2mn\? »
Ao = ksind,  [G,(A) = kz_(,\+ i ) )

Iln[ﬂn()\o)] z Oa ﬂn(/\O) = ﬂ—n("“/\ﬂ)a n=0=+ 1, :i:27 B

! where 0 is the angle of incidence. When the random surface is perfectly conductive, the
wave function satisfies the Neumann condition:

OV (x, z,w|\o)

5 =0 for z = f(z,w), (3.11)

where a% is derivative normal to the random surface. As discussed in chapter 2, a stochas-
tic Floquet form of the scattered wave may be determined from the shift invariance prop-

erty as
W, (x, 2| ho) = e%U(z, z,w| o), (3.12)

where U(x, z,w|Ao) is a periodic stationary process of x with the period L satisfying the
shift invariate property (2.19). It is also written by the harmonic series representation

Uz, z,w|ho) = > e‘_z—iﬁ(/(")(;zr,:,w|)\u), (3.13)

q=—00

U9 (z,z,w|\o) = C(()Q)()\O)eiﬁq('\o)z

'Here, notations are slightly modified. The @ component of the incident wave vector was denoted as
p = ksin@ in chapter 2. But it is Ao = ksin @ in this chapter.
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+ Z h(l)[em]/ Q) /\l/\ 2\(;z:—mL)+i/%(z\o+‘\)zd/\

me=-—00

+ Z ! )[6m,6” // C(Q) /\] 2')\ )61)‘1“' mL)+w\g(x-—nL)+z,3q(Ao+A;+/\2)zd/\1d)\2

m,n=—00

o | (3.14)

where U@ (z, z,w|)o) is a stationary process of a, and C(()Q)(/\g), C’fq)(/\l)\o), C§Q)()\1, A2|Mo),

.- are deterministic Weiner kernels.

3.3 Reciprocal theorem and scattering cross section

Assuming that ¥; and W, are wave functions for two different incident waves. By the

wave equation (3.8), an identity holds

U, - V20, — 0, - V20,
=V (¥, -V -, VT) =0. (3.15)

Integrating the identity (3.15) over an area ABCDA on the periodic random surface,

shown in Fig.2.5, and using the Gauss formula (the Stokes formula), we get

ov, _ ov,]
(/AB(lr+/BCdz+/CDdl+/DAdz> [\11 ad —\1;2—87;} =0, (3.16)

where the third integral is the curvilinear integral along the periodic random surface.
The integral over CD vanishes for the Neumann condition. Because the wave functions
are expected to be finite for any value (x, z), the second and fourth integrals are finite.
Dividing (3.16) by 2nL and letting n infinitely large, the second and fourth integrals
become zero and the identity (3.16) becomes

1 ov, av,
n]]—l»]‘}ﬁ ol /-nL [\pl 0z g 0z }

dx = 0. (3.17)

z=2z9

Representing the wave functions ¥; and W, by their harmonic series representations (3.9),
(3.12) and (3.13) with Wiener expansion coefficient functions (3.14), and substituting

them into (3.17), we have

1 nL ov oV
i o [ (], 152, - [, (52, )

ny,ng =1,2,--+,

dr =0,  (3.18)

2=20
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which is true for any positive integers n; and n,. Here, [-], denotes the component of n-
dimensional Hermite polynomial in the Wiener expansion. To understand the expression

[]» well, we write two concrete examples on the wave function ¥(z,z,w|Ao) in (3.9),

[W]o = eo® [e—iﬁouo)z + Y e‘l’-iﬂogﬂ(xo)eiﬁvW] : (3.19)

=00

(W], = eo” i e i h e, / T OO (A g)ee=mDrHiPaat Nz ) (3.20)
T

q=-—00 M= 00

To obtain the result (3.18), we have used the relation:

. 1l e 1 (A=0)
lim — My = § = : 21
M, 5T L ¢ e = o0) {0 (A #0) (3.21)
Using the relation (3.18), the [-]o component of (3.17) becomes
. 1 nL 8\112 3\111
,Jl{’}g onl [«nL {[\Dv‘]o[ 0z ]o - [\pZ]o[ 0z ]o} z:z(,dg: =0, (3:22)
and the [-],, component of (3.17) becomes
. 1 nk 8‘1’2 8\1’1
nl—l—l)’lolo Il -/—-nL {[‘I’I]O[—.a—z—]m - [wz]m{ az ]0
0, ov,
o] (28], - ), [ ]m} =0 ()
From (3.22), the reciprocal relation of the 0 order Wiener kernel is given by
fo(do) — Bo(N)
2
—A =X+ T, q=0,d1, 42,

Using the orthogonality of Ilermite polynomials and the relation (3.21) in (3.23), the

reciprocal relation of n-th order Wiener kernels is obtained 2

(‘71(1(1)(>\1a A‘Za e p‘O) _ C’Yy(,q)()‘h /\27 ) )‘np\)
Bo(Ao) Po(A) ’
2mq

-)\:—‘/\0+)\1+)\2+"'+>\n+T,

(3.25)

q=0,£1,4£2,---, n=1

2Note that the mathematical deduction to obtain the reciprocal relation (3.25) from (3.23) is not
exact. However, the result (3.25) seems to be correct physically. How to deduce the relation exactly is

an open problem to be solved.
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The reciprocal relations (3.24) and (3.25) can be interpreted in terms of power. When

Bo(Mo) = Bo(—Xo) and Bo(—A) = Bo(A) are real numbers, we get

Bo(A) |~y 2 ﬂo( 0) @)y ‘
,8__0(/\0)100 (Aol Bo(— )IC M, (3.26)
ﬁo()‘) () 2 _ ﬁo( )\o) ) g2

Since Bo(A)|CL (A1, -+, An]o)|? is the power scattered into ¢o(A) and Fo(Xo) is the inci-
dent power, the left-hand sides are the efficiencies diffracted into ¢(A) direction for the
incident direction of ¢o(Ao) = 0. On the other hand, the right-hand sides are the efficien-
cies diffracted into ¢o(—Ao) = —0 direction for the incident direction of go(—A) = —o(N).

In particular, it holds that —A = Ay for ¢ = 0 in (3.26). In this case, the efliciency
in the zero order doesn’t change when the periodic random surface is rotated by 180°
about z axis . It must be emphasized that the invariance holds even if the surface is not
symmetrical with respect to the z axis.

In loss-less case, we have obtained the optical theorem for the Dirichlet condition
(2.11) in Sec.2.4. Replacing the Dirichlet condition (2.11) by the Neumann condition
(3.11), we obtain the optical theorem (2.47) and the scattering cross section (2.49) again.

Here, let o(¢|0) represent the scattering cross section for the incoherent wave, we write

o(¢10) = o1(#|0) + oa(#l0) + -+ -, (3.28)

where o, is the contribution from the first order Wiener kernels

2 S2 0
n(@10) = TEZL S e o) SO, (3.29)

N==-00
and o4 is the contribution from the second order Wiener kernels

1673k cos? ¢
0) = ——F—

(¢ Z/ |52 = X N[ S (s — NN, (3.30)

L n=-—od
where
1 N <E 2mn .
S(A) = =L A=, M=k , 3.31

and ¢ is a scattering angle shown in Fig.3.1. We will calculate numerically these quantities

by use of approximate Wiener kernels.
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3.4 An approximate solution

Let us determine the kernel functions by using the Neumann condition. For simplicity,
however, we only consider the case that the random surface has slight roughness and

gentle slope. In this case, the boundary condition may be approximated by

df 0¥ oW 0*w

dz Oz + 0z + 0z? 0 (z=0) (3:32)
Substituting (3.9), (3.12), (3.13) and (3.4) into (3.32) and using the orthogonality relation
of h{"[-], we obtain hierarchical equations for the kernels. Some low order equations are :

the zero order equation

(]

memmw ﬁMMMﬂ“Wwwmaw%>%www>

rEn—00

‘)

+=2 3 / “X 0+ NCD o)A = 0, (3.33)
r=—00 T

the first order equation

o0

Z [iﬁn()\o + A)é(n,r) +

e —-00

PO g, (0, Mo + A)] J(AAo)

v

b D 000 [6,0) + C00)

47”)1 Z / X o+ A+ A)CI (A, N Ao)dN = 0, (3.34)
= —00 T
the second order equation
o I 2mpg ")
Z lﬁn()\o -+ )\1 + Ag)(s(?l,'l”) -+ T(ln‘r(o,/\o + /\1 -+ /\2) 02 ()\1,/\2|A0)

15 30 [dnrha, 20+ A)CL i) + das(Ar Do + 22)C (Aalo)]

r=-—00
a

T / dur(=N, X0 + A1+ Az + XYCE (O, A, M[Ao)dN = 0, (3.35)

r=—00 T

6mp,
L

+

where

dur (M, Ao) = [("L (n—r)+/\>(2—’£ﬁ+A2) B0\, )] G (N, (3.36)

Neglecting the integral terms in these equations, we get approximate equations for O’ér)( Ao),
(A and € (A, X2), which satisfy reciprocal relations (3.24) and (3.25), and are rep-

resented in vector form

A(X0)Co(ro) = {B()\o) JFPOD(O )\0)} (3.37)
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Ao+ NCiAP) = —piD(X, X0)[I° + Co(No)], (3.38)
AQo+ M+ 2)Ca (0 Xaldo) = =ED(Aa, do + M)Ci(MalAo)
(A do+A)Ci(halho),  (3.39)

where we have put

Il

1 = (o 8(n,0),- ),
Co(ho) = ( LD (00), GO (), C (1)(/\0)’“_)t,
Ci(AXo) = ( C( 1) (AAa), 0(0)(/\“0 C(l)(M/\o),---)t,
Cahi, o) = (-, 5 (O, Aalho), O (O, Aalho), GV (A, Aal o), -+ ) (3.40)

B(X0), D(A1, A2) and A(Xo + A) are infinitely dimensional matrixes

iB-1(ho) 0 0

0 0 iB1(Ao)

dor—1(A,A2)  doio(AA2)  dora(AsAg) -
D()\l,)\z) = d(),_l()\l,/\g) do’g(/\l,/\g) dO,l()‘l>/\2) N (342)
dl,-—l()‘h/\Z) dl,O(/\la/\2) dl,l(/\la’\Q)

Aldo+ ) = —iB(ho+ )+ -“7’-’21)(0, o+ A), (3.43)

where subscripts n and r denote the (n,r) element of matrix. The matrixes D and A

satisfy relations:

DS(/\lv/\'Z) = D(—/\la "'/\2)7 AS(AO) = A(_‘)‘O)’ (344)
Dt(/\l,/\g) == D(_)\la)\l + >\2), At(/\o) = A(/\o), (345)

where the superscript ¢ implies transposed matrix and the superscript S indicates the

centrally symmetrical operation in matrix:

(tnr)® = (apr). | (3.46)
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1
‘<O
—|F
g
5
2
g
9
£
Q
R/ J |
0 : - Ao
0 k=3 k4 [ k42 9k

1
detAa(ro)
kL = 2.7m. There are anomalous peaks at Rayleigh wavelengths Ao = +k — 2 (n =

0,41,42,--). Here, A()Xo) is approximately calculates by a 7 x 7 matrix.

Figure 3.2: Relative value of with parameters kpy = 0.1n, kx = 0.47 and

3.5 Wood’s anomaly

If po # 0 (this means that the periodic random surface has a periodic average with non-
zero height pg), the inverse of A()\g) exists for any real Ag, and amplitude of the coherent

diffraction is given from (3.37) as

27 po

D(0, A) | T° (3.47)

Co(ho) = A™'(Xo) [B(/\o) —

)

= 2A7'(X)B(X\)I° = 1°, (3.48)

where the resonance factor A™()g) describes the diffraction process due to surface peri-
odicity. When a diagonal element of the matrix A(Xg) vanishes at the so-called Rayleigh

wavenumber

21
Bu(o) =0, Xo=Lk— 72'”, m=0,41,+2, -, (3.49)

however, |1/detA(Xg)| has large peaks shown in Fig.3.2. Physically, such a peak sug-

gests the existence of the guided surface waves propagating along the surface. Then,
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such a guided surface wave is excited by a wave with Rayleigh wavenumber and causes
well-known Wood’s anomaly that appears as a rapid variation of the amplitude of the
coherent diffraction (see Fig.3.3) and the diffracted power (see Fig.3.7) against the angle

of incidence.

- 4.0
5] L L
2 |G (e sin 6)]
£ |C) (K sin 0)]
e
| -
o 1.5 prevmmcmmmancenflonincnnnannen dueeennen i (1] i i e
b i L 1C (ksin0)]
Q‘O‘ /\ /I\ N
2 T LA Pttt SN
= i
a
g o
o 30 60 . 90

angle of incidence @ (in degree)

Figure 3.3: Amplitude of coherent diffraction against the angle of incidence with param-
eter kL = 2.7mw. There exist resonance anomalies appearing at some angles of incidence,

which relate with the Rayleigh wavelength.

3.6 Incoherent Wood’s anomaly

From (3.38) and (3.48), we introduce a new representation for the first order kernel vector,

C1(Ao) = —piH(Xo + AAo)[I° + Co(No)] (3.50)
= =2p, A" (Ao + MDA, o) A7 (A)B(Xo), (3.51)

H(A; + AgfAr) = A7 (Ay 4 A3)D(Ag, Ay) (3.52)
= [H,, (A1 + AgAy)], (3.53)

where H(A; + Ay|A;) describes the single-scattering diffraction process. The coefficient
H, (A1 +As]A;) converts a plane wave with A, + 2{—’— into a plane wave with A; + A, + 272,

where Ay + 2 and A; + A, + 22 are x components of their wave vectors. The n-th
L L
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component of the first order kernel is given by

COPo) = —p1 3 Har(Do + AAo) [8(,0) + )], (3.54)

r=-—00

which illustrates a scattering-diffraction process shown in Fig.3.4.

(A Ao)

Ao+ A
Ao— 4~ Ao—2 Ao )\04-21'3L /\O'i*%
C (A
(b) 1 ( I 0)
Aot M2
/\o—% /\0—'% Ao )\0+'27~j£ /‘\o-i'%r

Figure 3.4: The single-scattering diffraction process described by Cf”)(/\{/\o) for -3 <r <
3.(a)n=0and (b)n=1.

The incident plane wave with Ao, which is the 2 component of wave vector, is first
transformed by the periodic component of the surface into the coherent diffracted wave
with amplitude C‘ér)(/\o) and wave number Ao + #%. From such a diffracted wave, an
incoherent wave propagating with wavenumber Ao + A + 222 and amplitude C’fn)()\Mg) is
generated by a single-scattering diffraction. Because H(Ag + A|)g) involves the resonance
factor A(Ao + A)™!, the amplitude |C7f")(/\|)\“)| could have anomalous peaks (see Fig.3.5)
for A enjoying

2rm

/\::l:k“‘)\()_' 7

m=0,+1,42 -, (3.55)

7

w
Al < =
SV

where m is an integer making [A| < . Thus, an anomalous peak, which we call the

incoherent Wood’s anomaly, appears at a scattering angle:

2rm

T = sin”! (:L—l—- ) ), m=+1,42 ... (3.56)
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Figure 3.5: Anomalies occur in amplitude |C’f")(/\|/\0)|, where kp = kpy = 0.1m, kx = 0.47
and kL = 2.7r. (a) n=1and (b) n = —1.

Since the surface has continuous spectrum, an incoherent guided surface wave propagating
along the surface is excited for any angle of incidence. Such a guided wave is diffracted
again by the surface periodicity to yield a strong incoherent wave into the direction 7. It
should be noted that the incoherent Wood’s anomaly may occur for any angle of incidence,
whereas Wood’s anomaly takes place for an incident angle determined by the period and

wavelength.

We also obtain the second order kernel from (3.39), (3.51) and (3.52)

oA, Aalho) = —ZXH(Ag + M1 + Aaldo + A)Ci (A o)
——% (Ao 4 A1+ Az Xo + A2)Ci(A2]Xo) (3.57)
= p}AT Mo+ A1 + A2) [D(Az, o + M)A (Ao + A)D(Ay, Ao)
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D (A1, o+ A2) A7 (Ao + A2)D(Aa, Ao)] A7 (o) B(A)I°, (3.58)

which involves double-scattering proportional to p. Due to resonance factor A~'(Ag +
A1+ Az), Ca(A1, Az]Ao) yields the incoherent Wood’s anomaly also. Here, we note that

when

)\0 + )\1 == —(}\0 + )\2), (359)
the two double-scattering processes of (3.58) have a same vector value

AN + A 4 XD, do + ADAT Ao 4+ A)D (A1, M) A7 (Ae)B(Ao)I°
= A7 (X + M+ A2)D(A, Ao+ X2) AT Do + A2)D (A2, Ao) AT (Ao)B(Mo)I°, (3.60)

which means that C,(A1, Az]Xo) yields the backscattering enhancement and the diffracted
backscattering enhancement, as is discussed later. To obtain the result (3.60), we have

used relations (3.58), (3.44) and (3.45).

3.7 Backscattering and diffracted backscattering
enhancement

As shown in the next section, there are enhanced peaks in angular distribution of the

incoherent scattering in the backscattering direction and diffracted backscattering direc-

tions. These peaks are shown to come from the contribution o, of (3.28) given by the

sum of integrals of the second order kernel C'(”)()\ — AN Ao),

O (A = N, X Do)

= Z {HW(A Do+ A — M) H (Ao + An — M]Ao)
+Hn,(/\ Mo + M) Hy(ho + X' |/\U)}[(S (m,0) + ™ ()] (3.61)
= PEAL (Mo + M) [DOV, o+ A = M)AT (Ao + A = X)D (A = N, Xo)
+ DA — N, 0+ N)AT o + N)D(X, Ao)] A7) B(A0)I°, (3.62)
2mn .
An :/\s—/\o———i-—, Ay = ksin ¢,

which involves two double-scattering processes. Here, A '(Ag+ A,,) denotes the n-th row
vector of matrix A7 (Ao + A,). As is shown in ig.3.6, these doub]e—scattering processes

commonly start from Ay + 2 2"’” to Ay, where Mg + A, — A — 2 and Ao + X' + “IF 21 are two
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2 2
AO+A,“WMO+)\,+%

Figure 3.6: The double-scattering diffraction process described by C;(Z”)(/\n — XN, M Ao)
for n = —1 and some X € [—%, ﬂ (a) {/\0 + 3R X+ A — N+ oy /\3}, where
—4 < r < 2,and (b) {)\0+2—’£ﬂ—~>/\0+)\’+2%5-—>/\3}, where —3 < r < 3.

different intermediate states ( n and r are any integers ). These processes are weak in
general. However, when the intermediate states enjoy the resonance condition at which
Cl(n)()\lx\g) has peaks as shown in Fig.3.5 and incoherent Wood’s anomalies take place,
these double-scattering processes may become slightly strong and yield an enhancement

in the incoherent scattering. The resonance conditions of the intermediate states are

)
’[”" =4k or A4 An—N— 2;” = Tk, (3.63)

ron=0,+1,+£2,-.-.

o+ N+

On the other hand, when

2.
2)\0+/\n=/\0+/\3——%’1=0, n=0,41,42,, (3.64)
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holds, (3.60) implies the contributions from the two double-scattering processes become

equal in amplitude and phase
O (A = X, N o) = 20245 (Mo + A)D (A — X, Mo + N)
XA (Ao + A)D(N, Ao) A7 Ae)B(Ao)I°. (3.65)
Hence, the scattering is enhanced in such a scattering angle ¢
2mn
kL’
When n = 0, (3;66) gives the backscattering direction: ¢ = —0. For n # 0, it determines

sin¢g = —sind + n=0,+1,42,.--. (3.66)

the scattering angle of the diffracted backscattering, that is exactly same as the diffrac-
tion angle for the backscattered wave. We call the enhanced scattering the diffracted
backscattering enhancement. Note that the phenomenon of enhanced backscattering has
been found in many kinds of irregular surfaces including such periodic random surfaces,
however, the phenomenon of diffracted backscattering enhancement is first found by the

authors [39].

3.8 Numerical examples

For numerical calculations, we use the Gaussian local surface (2.63) and we approximate
(3.37), (3.38) and (3.39) by 7 x 7 matrices and 7 dimensional vectors.

Let us first see Fig.3.7, which shows the variation of coherent power as a function
of incident angle. Only the 0, & 1st and -2nd order coherently diffracted waves may
become propagating. For angles of incidence less than sin™" (1 - EQE) = 28.7°, the -2nd
order coherently diffracted wave is non-propagating; 0 ~ 28.7° corresponds to a Rayleigh
wavelength, at which resonance anomalies exist. Similarly, for angles of incidence greater
than sin™! (— 1+ L_lf) ~ 15°, the Ist order coherently diffracted wave is non-propagating;
0 ~ 15°, therefore, corresponds to a Rayleigh wavelength, at which resonance anomalies
also exist. When the the -2nd and 1st order coherent power have a maximum, the 0
order coherent power possesses a minimum. Further, the total coherent power is unity.
The physical interpretation is obvious: the incident energy is equal to the total diffracted
energy. The power conservation holds for only coherently diffracted energy with the
approximate solution C{”(\o).

Figure 3.8 shows the scattering cross sections: o(0]¢), o2(¢|0) and o(¢|0) = o1(4|0)
+02(¢|0), for the incident angle 6§ = 10°, kpy = kp; = 0.17, kL = 2.77 and kx = 0.47.
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Figure 3.7: Relative coherent power against the angle of incidence with parameters kL =
2.Tm, kpo = kpy = 0.17 and kx = 0.47. Only the 0, & 1st and -2nd order coherently
diffracted waves may become propagating. For angles of incidence less than 28.7° and
greater than 15°, the -2nd and 1st order coherently diffracted waves are non-propagating,
respectively. There are anomalies exist at 28.7° and 15°, which correspond to the Rayleigh
wavelength, respectively. When the -2nd and 1st order coherent power have a maximum,
the 0 order coherent power becomes a minimum. We find that the optical theorem is

satisfied by only coherent power.

In Figs.3.8(a), 3.8(b) and 3.8(c), we see four resonance peaks, which are the incoher-
ent Wood’s anomalies. In addition, there are not only enhanced backscattering but also
enhanced diffracted backscattering peaks from the contribution o3 in o(4|#). These en-
hanced peaks are much weaker than the contribution oy(¢|0), so that enlarged figures
are illustrated in Figs.3.8(d), 3.8(e) and 3.8(f). These angles of enhanced scattering are
¢ = —66.1°, —10° and 34.5°, which agree with theoretical values computed from (3.66).
In order to compare with Fig.3.8, we display the case of incident angle § = 45° in Fig.3.9,
in which the enhanced scattering appears at scattering angles —45°, 1.9° and 50.7°.

The scattering cross section for different values of k« is illustrated in Fig.3.10. As kk
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increases, the scattering intensities increase but the eflect of enhanced scattering becomes
weak. Figure 3.11 shows the scattering cross section for several values of kp;. Because
Ci(A) and Cy(Ay, ;) are proportional to kpy and (kpy)?, o1(¢|0) and o2(¢]0) increase
proportional to (kpy)? and (kp;)*, respectively. On the other hand, we illustrate the
scattering cross section for different values of kpo the height of the averaged periodic
surface in Fig.3.12. Though pg affects on the Wiener kernels but no obvious dependence
is found theoretically, we see from Fig.3.12 that the incoherent scattering gets strong with
the increase of kpq.

In Iigs 3.8-3.12, the incoherent Wood’s anomalies occur at the same scattering angles.
This fact implies that the incoherent Wood’s anomalies are independent of parameters
po, p1, £ and the incident angle #. But the angles of the incoherent Wood’ anomalies are
determined by only the period L and wavelength. As is shown in Fig.3.13, the number of
anomalies may increase as the period L gets long, and the position of Wood’s anomalies

can be calculated by ¢ = sin™! (:H — —%ﬂ), (n=0,41,+2--.).

3.9 Conclusion

We have studied the scattering of a TM plane wave from periodic surfaces randomly de-
formed by a Gaussian sequence. By means of the stochastic functional approach, the scat-
tered field is expressed in terms of a harmonic series representation, of which coefficients
are homogeneous random functions and are written by Wiener expansions. Approximate
Wiener kernels which satisfies reciprocal relations are obtained up to the second order
in vector form. By physical combinations of scattering due to surface randomness and
diffraction due to surface periodicity, it is then found that several phenomena appear in
the angular distributions of the incoherent scattering. These phenomena are

(a) incoherent Wood’s anomalies;

(b) enhanced backscattering;

(c) diffracted backscattering enhancement.
The incoherent Wood’s anomalies and enhanced backscattering are also found theoreti-
cally in other paper [40]. Besides, Mendez and O’donnell have experimentally observed the
backscattering enhancement from a periodic random silver surface, but no experimental
report has been given for the incoherent, Wood’s anomaly. The phenomenon of diffracted

backscattering enhancement is first found theoretically by the authors. However, no other
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researchers have reported such a result in theory or experiment. Maybe, the existence of
diffracted backscattering enhancement is weak; this means that it is difficult to obtain
the phenomenon, if our conditions are not satisfied.

In this chapter, we have assumed that the averaged periodic surface has non-zero
height. When the periodic random surface has a flat average surface, the solution by
means of the method of this chapter is divergent. In such a case, we have to take the
mass operator involving multiple-scattering effects into consideration. Though the mass
operator can be calculated numerically, it will take a lot of computation time and hence

it is left for future study.
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Figure 3.8: The scattering cross section for the incident angle § = 10°, kpy = kp; =

0.1m, kL = 2.77 and kx = 0.47. The Wood’s anomalies, enhanced backscattering and
diffracted backscattering enhancement occur. (a) a1(¢|0), (b) o2(¢|0), (c) the scattering
cross section o1($|0) + o5(p|0), (d) the backscattering peak at ¢ = —10°, (e) the diffracted
backscattering peak at ¢ = —66.1° and ([) the diffracted backscattering peak at ¢ = 34.5°.
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Figure 3.9: Same as Fig.3.8 for the incident angle 6§ = 45°. (a) o1(¢|6), (b) 02(4]|0), (c)
the total oy(4|0) + 03(¢|0), (d) the backscattering peak at ¢ = —45°, (e) the diffracted
backscattering peak at ¢ = 1.9° and (f) the diffracted backscattering peak at ¢ = 50.7°.
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Figure 3.10: The scattering cross section with parameters kpo = kp; = 0.1m, kL = 2.7w

and 8 = 0° for different values of kx. As kx increases, the scattering intensities increase
but the effect of enhanced scattering becomes weak. (a) ay($|6), (b) o2($|6), (c) the total
o1(9|0) + o2(¢|0), (d) the backscattering peak at ¢ = 0° in the o($|f), (e) the diffracted
backscattering peak at ¢ = 47.8° and (f) the backscattering peak at ¢ = 0° in o4(|0).
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Figure 3.11: Comparisons of the scattering cross sections for several values of kp,, where
kpo = 0.1m, ks = 0.4m, kL = 2.7m and 6 = 0°. As kp, increases, both the scattering
intensities and enhanced scattering peaks become strong. (a) o1(4|0), (b) 02(¢]0), (c)

the total oy(4|0) + o2(¢|0), (d) the backscattering peak at ¢ = 0° and (e) the diffracted
backscattering peak at ¢ = —47.8°.
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Figure 3.12: The scattering cross section for different values of kpy. Here, parameters are
kpy = 0.1m, ks = 04w, kL = 2.7 and 6 = 0°. As kpo becomes large, the scattering
intensities increase. (a) oy(¢]0), (b) o2(¢|0), (c) the total o1(¢|0) + o2(4]0), (d) the
backscattering peak at ¢ = 0° and (e) the diffracted backscattering peak at ¢ = —47.8°.
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Figure 3.13: Comparisons of the scattering cross sections with parameters kpy = kp, =
0.17, kx = 0.47 and 6 = 0° for different period kL. The number and the positions of
anomalies depend on only the period and wavelength. (a) o1(9|8), (b) o2(4]6), (c) the

total o1(¢]0) + oo($|0), (d) the backscattering peak at ¢ = 0° and (e) the diffracted
backscattering peak at ¢ = 40.2°.
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Chapter 4

Orthogonal functionals of stochastic binary

sequence

4.1 Introduction

Wiener’s nonlinear theory is a stochastic functional theory which makes it possible to
expand a nonlinear stochastic functional of a stationary Gaussian random process in a
series of orthogonal stochastic functionals [82]-[84]. The theory has been applied to various
problems in physics and engineering, such as the analysis and identification of nonlinear
systems for noise input [60],[66],[82], theory of stochastic differential equation [85], the
ergodic theory and the theory of turbulence [81]. However, Nakayama and Ogura et al
have applied the theory to the wave propagation in random media and wave scattering
from randomly rough surfaces [75],[86],[87], where the scattered wave field is regarded as
a nonlinear stochastic functional of Gaussian random media or Gaussian rough surfaces.
In chapters 2 and 3, we also used the theory to solve the problems of wave scattering from
periodic surfaces randomly deformed by a Gaussian sequence.

Recentlyp, waves propagating in binary random media and scattering from binary
rough surfaces have received much interest, because the Anderson localization in such
media becomes a physical principle of new optical devices, and because digital data are
stored by surface deformations called pits in recording devices such as compact disks. In
principle, these binary random media and rough surfaces may be modeled by a stationary
binary sequence, which takes two values with equal or unequal probability. Since the wave
field in such a medium may be considered as a stochastic functional of a binary sequence,
we need a systematic theory of a stochastic functional of binary sequence to represent the
wave field.

In this chapter, we present some new formulas concerning orthogonal functionals of
the stochastic binary sequence. In Sec.4.2, we prove an orthogonal relation concerning
products of binary random variables. In Sec.4.3, we define the multivariate orthogo-
nal polynomials, recurrence formula and generating function in explicit form. Using the

orthogonal polynomials in Sec.4.4, we obtain the orthogonal expansion of a finitely di-
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mensional function. We also prove that the multivariate orthogonal polynomials (finitely
dimensional variables) are linear independent. In Sec.4.5, we show an orthogonal func-
tional expansion of a stochastic functional of a binary sequence. A simple and significant
example of the orthogonal functional expansion is discussed. In Sec.4.6, we represent
a statioﬁa.ry sequence generated by the stationary binary sequence, where we prove the
ergodicity. Next, however, we discuss a binary sequence taking 1 with unequal proba-
bility, because such unequal probability case is a realistic model of binary random media
or binary random surfaces. We present several formulas on orthogonal functionals of such
a binary sequence. These formulas obtained in this chapter can be applied to various
random problems in physics and engineering. We will give an application in the next

chapter.

4.2 Stationary binary sequence

To study a stationary binary sequence, we should consider two cases of equal probability
and unequal probability. Let us start from the equal probability case. "Assuming that
{bi,i = 0,41,42 .-} is an independent stationary binary sequence taking 41 with equal
probability

Pbi=1) = P(b = ~1) = 1, (4.1)

Do =

one easily finds the average and correlation of b; as
(bi) =0, (bibj) = 6(¢, ). (4.2)

If {iy, i3, -+, i,n} is a distinct set ', b;,, by,, - -+, b;, are mutually independent, so that

tm

one easily finds

(biybi, - -+ by, ) = (i, )(biy) -+ - (by,,) = 0. (4.3)

When {iy,45,-+,%,} and {Ji, 2, -, Jn} are any two distinct sets, we get a relation:

(bilbiz e bim ' bjx bj2 e bjn) = 5(777')71')5(m)(i7j)7 (44)

which is zero for n # m. Here, §m)(4, 7) indicates the sum of all distinct products of m

delta functions of the form §(isy 31), © = (1,82, *»im), 5 = (41,92, "+ Jm), all 45 and 7,

!By the word ’distinct set’, we mean that iy, 7o, - - -, and #,, are distinct integers.
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appearing just once in each product. Some concrete examples for m = 2 and m =3 are

(i, 5) = 8(i1,51)8(i2, J2) + 6(ia, 72)8(i2, 11), (4.5)
8O, 5) = (i, 1)8(iz, j2)8(is, js) + 8(ir, 71)8(i2, j)d (i3, j2)
+6(i1, 32)8 (i3, J1)8 (43, Ja) + 6(i1, 72)6(42, 73)6 (i3, 71)
+6(i1, 43)8 (12, j1)8 (i3, J2) + 8(i1, j3)8(12, J2)8 (13, 1) (4.6)
The §(™)(i, 7) has been used for many years but no a concrete representation was given

for a genexa,] case. Recently [69], however, we find an exphcxt expression as

m m m

6(m)(2a.]) = Z 5(i1,j11) Z 5(i2)j12) Xoeee X Z 5(im’jlm)" (47)
h=1 ll;):l]l lm-‘r-‘lll,’l;il'»'m—l

which involves m! terms. We prove the results (4.4) and (4.7) in terms of the moment
generating function as follows.
Proof of the relation (4.4) and (4.7) : for a sufficiently large N, we define the moment

generating function MCNFY(Agn 1) by

N N
A{(2N+1)(A2N+1) = <6X[){ Z )‘kbk}>: H COSh)\k, (48)
k=—N k=~N
A2N+1 = (/\—Na)‘l—N"")/\0)/\17"'7/\]\7), (49)

where Ayn 4y is a 2N + 1-dimensional vector. The moment generating function satisfies

the relations:

N
MOND(Ayn i) = <exp{ S ,\kbk} >=1, (4.10)
A2N41=0 k=—N AzN41=0
(biybiy -+ b)) = HiA1(2N+1>(A2N+1) ) (4.11)
k=1 0’\‘ik Aang1=0
;)—/\(2—1\4(21\’*')(/\2,\,“) = tanh Ay, MON¥D(Ayny0), (4.12)
if

which holds for any values of 41,79, +,i,,. When {41,172, ,im} and {j1, 2, -+, Jn} are

two distinct sets, we obtain

H-B—M(?N“)(Awﬂ) = ]‘[ta.nh,\,-,AWN+‘>(A2N+1),
I=1 X, =1
(biybiy + - by - bjibjy < -+ bjy) = H tanh A;, MOND (Agy ) -(4.13)

i =1 Asnp1=0
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Therefore, without loss of generality, we assume n > m. Using the relation:

3% tanh A;, = tanh’ \;, - 8(ix, 1), (4.14)
ik

the prime denoting the differentiation, we first carry out the partial derivative with respect

to A;,, and then put A;, = 0 to get

m a n
H a H ta,nh)\ A/I(2N+1 (A2N+l)
k=1 ’k I=1 Arn41=0
=TT = 8(i1, 71 tanh A;, MM (Ayy , 4.15
)\ 1 J
k=2 d =1 : Apn=0 .
1510y
where M®N)(A,y) is given by
MM (Ayn) = MENED (Ayn ) ) (4.16)

i) ==
and Aoy = (AN, AN, 5 Aiy—1, Aiy+1,* -+ AN) 18 @ 2N-dimensional vector obtained from

2N + 1-dimensional vector Ayny, by removing the A;, component. To get (4.15), we have

used such facts that 4, is different from any one of 15,13, -, 1,,, and

tanh’ X, =1, tanh; = 0. (4.17)
i =0 iy =0
Repeating this procedure, we obtain
0 (2N+1)
H L Htanh A, M (Aan41)
i I=1 Ay 41=0
m
= Z‘S(Zla]ll) Z d(l%jlz)"' Z 5(ima.71m)
h:] 1122;!11 lm#’lr‘l'znvll:’l"‘:lm—l
x  JI  tanh X MENF (A ) ) (4.18)
=1 A2N41-m=0
(BT R,
where
MOENF=M Ay 1) = MOV Ay = Ay == A iy =0 (4.19)

and Agnyi-m is @ 2N + 1 — m-dimensional vector obtained from Azni by removing

)\i”/\iﬂ...,)\.

tm

components. As easily seen, (4.18) vanishes for n > m because of the
factor [Ttanh );, and relation (4.17). But the factor []tanh };, disappears when n = m.

As a result, we finally obtain the relations (4.4) and (4.7).
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4.3 Multivariate orthogonal polynomials

Let us define multivariate orthogonal polynomials associated with the binary sequence.
However, it should be noted that, for example, b;b; is a second order polynomial for : # 7,
but becomes a constant bb; = 1 when ¢ = j. Taking this fact in mind, first, we introduce

a binary function A, (4,2, -, ) by

Am(ilyi%"'aim) = (420)

(11,49, ,1im are all distinct)
0, ( any other case )

Il

[1 Z (5(2,,,,2;)] [1 ——mzzd (Zm— 1,%)]
x - h~&mm)—&muﬂh—ﬂnmﬂ, (4.21)

which vanishes for any diagonal argument of {i1,%2, -+, %} 2. Then, we define the mul-

tivariate orthogonal polynomials { By, (i, biyy - *,bin_ys by ), m = 0,1,2,---} by

B, = 1, (4.22)
Bi(b) = b, : (4.23)
By(bi, b)) = [1—6(z,5)]biby, (4.24)

BB(biabj7 b)) = [1 - 5(23J) - 6(27k) - 6(k7J) + 25(17 k)5(7’7])]btb]bka (425)

B(biyybigy -+ bin) = Am(inyiz, - 5im)biybiy oo bi,  (m21)
_{%%m%,(@M~%MmMMm)

4.26
0, ( any other case ) (4.26)

which are symmetrical with respect to their variables. From (4.3), (4.4) and the definition

(4.26), we easily find averages and orthogonality relation of the multivariate polynomials,

<Bm(b51 5 biza ) bim-—l 9 bim)) = 5(771, 0)7 (427)
(Bm(bin biyy -+ tm)Bn(an ) sza : Jn))
= Am(ih i27 e 7im)An(jl,j2u e 7j‘rl)5(7na n)é(m)(i?j)v (428)

which holds for any non-negative integers m and n. Manipulating (4.26) and (4.21), we

find the recurrence formula,

Bm(binbiza T 7I)im) = Bm—-l(bil ’ biza e vb’im—l)Bl(bim)

2By the word of a diagonal argument of {i1, s, ,im}, we mean that there exists a number n (n < m)

such that j1 = ja = -+ = Jn, J& € {i1,49,- ",im}, (k=1,2,---,n). For example, we call a case,
where two variables out of {i1,is,---,in} are equal, a diagonal argument of {1,432, -, im }.
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-
3
|
-

|
i

Bm--2(bi1 abig) Y bil_.l )biz.H’ et -)bim..l)(s(im:il)

-1

+ 'Bm”2(bi1 ) bi27 T 7bit_1 ?bil+1 » " bim—l)‘s(imail)d(ikail)' (4'29)

3
L
3

..,
1
-

-

e

L

Here, we note that k £ [ does not imply i # 7; in the third term. Putting m = 2, we get

a comprehensive example
Bi(b;)Bi(b;) = Ba(bi, b)) +6(¢, ), (4.30)

which is a second order polynomial for ¢ # j, but becomes a zero order polynomial
(constant) when ¢ = j. On the other hand, the multivariate orthogonal polynomials may

be obtained from the generating function @,

Q=TI [1+butsl, (4.31)
k=—oco
. o 0 7]
Bln(bu)bm? ,btm) at“ ath atim (2 to=tgy=tgo=--=0. (4 3 )

We will explain how to obtain the generating function () in subsection 4.5.2. Since

Oty /0t = 4(k, 1), one easily gets (4.26) from (4.32). For example, we get

90 © o,
20 _ b 2 TT [ + byt
atl m:z:oo atl k;ém[ * ’ k]
= Z bnd(l,m) H (14 bitr], (4.33)
M= =00 k#m
which yields By(b;) if we put to = t4y = tyg = -+ = 0. We note that explicit formulas

(4.7)-(4.29) are first obtained in our paper [69].

4.4 Orthogonal expansion of functions

First, we consider a function g(b;) of single variable b;. Since b; = +1, the function g(b;)

takes only two values g(1) and g(—1), and can be expanded as

g(bz’) = go + ngl(bi) = [], Bl(bi)] : [90» gl]t- (4‘34)

The two coefficients gy and g; can be determined by two methods: probabilistic method

and non-probabilistic method. In the non-probabilistic method, we put b; = %1 in (4.34)

i, - [zf] & [;;5.13) } : (4.35)

to get
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where Hy is a 2 x 2 matrix with non-zero determinant:

1 Bi(1) ]2{1 1_1} | = -2 40, (4.36)

H, =
T Bi(-)) 1

where | - | denotes determinant and H is the 2 x 2 Hadamard matrix. Since |H,| # 0,
the two coefficients of (4.35) are determined uniquely. In the probabilistic method, we

multiply a vector [1, B;(b;)]* from the left of (4.34) to obtain

1 o | |albi)
I:Bl(bz) jl [17 Bl(bz)] : [91 :l -

4.37
o(b3) By (1) 0
Taking ensemble average, we get

1 B, (b; 10

(1) <1()>}=[ } (438)

1

Biby | 1 B‘(bi)]>:

< (Bi(b:)) (Bi(bi)) 0 1

which becomes diagonal because of the orthogonality relation (4.28). Thus, we get

g0 = (9(b:)), g1 = (g(bi) - Bi(bi)). (4.39)
Next, we consider a function g(b;,b;) of two variables. Here, we will employ a relation
Bi(b)Buby) = Balbisby), i # 5, (4.40)

and the Kronecker product ®:

(1, Bi(b)]@[1, Bi(b;)]
= {lv Bl(bi)’ Bl(bj)v Bl(bJ)Bl(bl)]
= [1, Bi(b), Bi(b;), Bs(b;,b))], (4.41)

where ¢ # j. The function g(b;,b;) may be expanded in terms of the multivariate polyno-

mials as

9(bi,b)) = g0+ 91())Bi(bi) + g1(5) Bi(b;) + 29(1, 7) Ba(bj, bi) (4.42)
= [13 Bl(bi)a Bl(bj)7 B‘Z(bi’bj)]'[goa gl(i)’ gl(])? 292(i7j)]t’ (443)

where symmetry g¢,(i,7) = g2(J,7) is assumed. Putting b; = £1 and b; = %1, we obtain

four linear equations:

Yo 9(
o 91(7) _ g(—1,1) :
Bam | T sy | (4
(

202(4,7) g(—1,-1)
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where H, is a 4 x 4 matrix

(1 Bi(1)  Bi(1) By (1)
0 = 1 Bi(=1) B(1) By(1)B,(-1)
’ L Bi(1)  Bi(=1) Bi(=1)Bi(1)
L1 Bi(=1) Bi(-1)  Bi(-1)
[ HoH
| H -
= H,®H,, (4.45)
[Hy| = (=2)*|H,* = 16, (4.46)

where H is the 4 x 4 Hadamard matrix. Because |H,| # 0, the coefﬁcients.go, g1(%), g1(3)
and g(7, 7) can be uniquely determined. In the probabilistic method, we multiply vector
[1, Bi(b:), Bi(b;), Ba(bi,b;)]" from the left of ( 4.43) and take average. Then, we obtain

1 Jo
<gﬁ% .mB@m&@%&m@w %%
t 9il7
B2(bi,bj) 292(%])
g(b;, b;)
_ g(bi, b;) By (b;) > i
< g(biabj)Bl(b]‘) ) ( )
9(bi, b;) Ba(bs, b;)

Because of the orthogonality relation, the 4 x 4 matrix ([1, By(b;), Bi(b;), Ba(b;,b;)]*
-1, Byi(bi), Bi(b)), Bz(l)i;bj)] ) becomes diagonal. Therefore, the coefficients can be
given by averages

9 = (g9(i,5)), m@ﬁ:mmy?mwm

g1(3) = (g(1,7) - Bi(b;)), mM=MMWéW» (4.48)

To obtain (4.48), we have used the fact:
<Bz(bi1abi27"'»bi,;)> =1, (449)
n=20,1,2,---,  {i1,iy,--+,1,} is any distinct set. (4.50)

Further, we consider a n-variable function g(by,b,---,b,). Such a function may be rep-

resented in terms of the multivariate polynomials as

g(b17b27 e 7bn) = go+ Zgl(.])13l(bl) + Z g?(l".al'-"l)BQ(bkaan)
7=1

k,m=1
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on

+oeee Z gn(il:i'b"'7in)B’ﬂ(bi17bi'z""7bin) (451)

il Ji2,r in-l

go+1'ZJ1 )b; + 2! Z ga(k, m)bybyn

1 k,mz=1
i= k<m

i

n

4o nl Z G109, -+ 50 )bi by - - b,
i;<ip < <in
[1, Bi(b1), Bi(bz), Ba(bi,ba),---,Bi(b), Ba(bi,ba)
, Ba(baz1,b), -, Ba(by, by, )]
Joo, 91 (1), @(2), 202(1,2), -+, gi(n), 20(1,n),

) 2g2(1l-—-1,71), Ty n!gn(172a"'772):lt7 (452)

il

where we have used

(1, Bib)]@[l, Bi(b2)]®-- @1, Bi(ba)]
:[17 Bl(bl)a Bl(b?.)’ B)(blab‘2)a Tty Bl(b )7 B2 b]7b11)
MY B‘Z(bn—hbn)a Y Bn(blab2a ")b )]7 (453)

Bi(b1)Bi(bs) - - Bi(by) = Bi(by, b2, -+, by). (4.54)

Here, gi (41,12, - -, k) is also assumed to be symmetrical. Note that g(by, b, -,b,) takes
2" values and the number of the coefficients go, g1(1), 91(2), 92(1,2), - -+, a1(n), g2(1,n),

s ga(n—1,n), -+, ga(1,2,- -+, n) is 2*. Putting by = 1, we obtain a matrix equation
to determine the 2" coefficients from g(b;,,b;,,- -, bi.),

90 [ 9(L,1,0,)

ai(1) g(nl,l, 1)

a(2) g(1,-1,-+-,1)
292(]’2) _(]('—],—],1,,])

Iln gl(”) = g(lala)la—l) . (455)

292(1,71) g(—]alf"?la“l)
292(”"17”) ‘(j(l,l,"',l,—l,*l)
_n!gn(l,Q,---,n)_ L g(_—la_17:—'1)

Here, H, is the 2" x 2" matrix, which is made up from the arrange (4.53) of multivariate
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polynomials. After some manipulations, we find a recurrence formula:

Hay  Hooy .
H, = , > 1, 4.56
[Hn_l —Hm] "z (4.56)
[Hal = (=2)""7 [Haa|” #0. S (457)

In fact, H, is Hadamard matrix. Thus, the coefficients of (4.52) are uniquely determined
from g(b;,,b;,,- -, b;,) when by’s take +1 independently. On the other hand, those co-
efficients of (4.52) are also obtained from the orthogonality relation of the multivariate

polynomials (4.28) as

Jo = <g(n)(blv b27 e 7bn)>7 : (458)
o _ <9(")(b1,b27"‘7bn)Bk(bi”bi2a"'abik)>
gk(il,iz,"',’lk) = A ,

where {i1,12, -, } is a distinct set and &k > 1.
We have considered an orthogonal expansion of a function of binary variables. In the

next section, we will consider the case where the number of variables becomes infinite.

4.5 Orthogonal functional expansion

We assume a sample point w is an infinitely dimensional vector determined by an infinite
binary sequence

w:("'7b—27b—17607b17"') Wi:bi) (459)

where w; is the i-th component of w. Thus, an infinitely dimensional sample space {2 is

composed of all these sample points. For any given components b;,,b;,,- - -,b; , we define

a subset Q(b;,,b;,,--+,b;,) of Q as

Qbiy bi <+ b)) = {w € wi; =biy, j=1,2,---,n}
= {we€Q; w=(,bi, b, -, b, )} (4.60)

which is an infinite set determined by finite components. In other words, Q(b;, bi, - - - bi,)
is a cylindrical set determined by only components b;, b;, - - - b;,. It is clear that there exist
2" subsets which are disjoint each other when the n components take +1 independently.
Thus, the sample space 2 is made up of such 2" subsets,

Q2 = U Q(bil,biw'" ,bin) (461)

biysbig,nbip=%1
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Il

Z Q(binbiz" "abin)7 (462)
biysbigebiy, =1 .

where the notation Y indicates these subsets are mutually disjoint. Let us explain the
structure (4.62) by simple examples. For n = 1, ) is consists of two subsets (1) and

(1) which are given by

=2
I

{we;, w=(-,bi=1,--9},
{we; w=(-,b;=-1,--)}L

=
I

For n = 2,  is consists of four subsets given by

Q1,1) = {we w=(-b=1,--,b;=1,--)},
Q1,—1) = WY w= (- ,bi=1,,b=—1,--)},
Q=1,1) = WeQ w= (- bi=—1,,b =1},

O(=1,-1) = {we w=(-b=—1--,b=—1,--)}

Now, we have a Borel field or a finitely additive class given by (4.60). Since Q(b;,,b;,, -+, b;,)
has the same probability as {b;,b;,, -+, b},

P[Q(bu ’ biza t abin )] = P[bil ?b'i2) o abin], (463)

where P indicates the probability, the sample space {1 turns out to be a measurable

probabilistic space. For any function f(w) on €, we may assume

(Jw)) = [ f)Pdw)

—  lim FCoebong, = boy -+ by e)
M,N—veo b—M;"‘:LO?bl RENIY
< P[Q(b_pt, -, boy - -, b)]. (4.64)

In another words, the function on §) is first considered as a step function which takes
a constant value on subset Q(b_pr,--,by,--+,by), where the step function becomes a
function of only {b_ps,- -+, b, -,bn} but is independent of other components. When the
numbers M and N get large, the function on the sample space 2 becomes a functional of
the stationary binary sequence {b;,i = 0,+1,£2,---}.

Further, we define L({), P) as the set of Lebesgue measurable functionals on 2. If a

measurable functional g(w) € L%(Q, P) with a finite variance

(lg(w)]?) < oo, (4.65)
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we may have an orthogonal functional expansion,

gw) = go+ > a(k)Bi(be) + > g2k, ) Ba(by, br) + - - (4.66)
k=—oc kl=~o00 \
= go+11 Y alk)be +20 > galk,D)bpby+--- (4.67)
k=-—00 k,lk=<—loo
= Jo+ Z G (k) By (by) + }: G2k, 1) By (by, by) + - - (4.68)
k=-—o00 k=—0c0

which hold in ensemble mean square sense and may be proved in the end of this sec-
tion. Here, g0, 91(k), g2(k,1), gs(k,l,m), --- and o, §1(k), G2(k,!l), Ga(k,l,m), - are
deterministic kernel functions which are assumed to be symmetrical with respect to their
arguments. Note that the right-hand side of (4.68) is written by zero-diagonal components

of the kernel functions given by

9o = o, ai(k) = gi(k), (4.69)
f]m(il b Z.‘2> T im) = Am(il ) i27 o 7im)f/m(i17 i27 Tty lm)v
which vanishes for m-dimensional diagonal arguments.
By the orthogonality relation (4.28), any two terms in (4.68) are orthogonal in ensemble

mean sense. Then, kernel functions are determined by the cross correlation. From (4.28)

and (4.68), we obtain an example,

(9(w)Ba(bi, b)) = Do(i, 3)[52(4,5) + &(3,7)] (4.70)
= (0,5, (4.71)

where we have used (4.21) and (4.69). Similarly, we obtain
. .
am(ilai'la B im) = ;;J(.(,/(W)Bm(bil biz H bim))- (472)

Since (4.68) is a complete expansion, one gets the Parseval relation,

o0
IJ(LU Z m! Z |§7n(i1,i27 ) im)|27 (4‘73)
m=0 11,02, im = =00

which means that the right-hand side of the expansion (4.68) is convergent in ensemble

mean square sense.
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4.5.1 Proof of orthogonal functional expansion

Now, we prove the expansion (4.68). By the definition of L%(9), P), there exist a step
functional gy n(w) and a set of subsets which are related with the M + N variables

b_ar, -+, bo, -+, by satisfying (4.60), such that

alim, (lg(w) = gun(@)F) =0, (4.74)

where

gIW,N(w) = g(b—l\/h"'abﬂa”WbN)’ WEQ(I)_M,"',bo,"'7bN), (475)

0 = U Q(b_M,'",bo,"'abN)
b—-AIy"')bov“'1bN
_ 3 Q(b_pg, -+, b0, -, by). (4.76)

bent e bor b
Here, (4.74) means that the sequence function gar,n(w) converges to g(w) in the ensemble
mean square sense. (4.75) indicates the functional gpn(w) is a step functional which
takes a constant value on subset Q(b_ps, -+, b0, +,bn). In terms of the multivariate

polynomials (4.51) of N + M + 1 variables, we have

gN,M(w) = (b M)"'vbO,"'vbN) (477)
= go+ Z G1(k1) Bi(by,) + }_, G2k, k) Ba(br, , br,)
kl-——M kg,k;—--—M
N
+o > Inenryr(kry ko, oo kg mr)
ki,kz, kN g ppr=—M
X Bnga41(bg,, Ok - s kNgar), (4.78)

which proves the orthogonal functional expansion (4.68).

4.5.2 An example of the orthogonal functional expansion

As a simple example, let us consider the orthogonal functional expansion of g(w):

9(w) —-exp( > h k)bk) (4.79)

k=—o00

Iy o IRe[fl(k)]l < o0, g(w) belongs to L?(f), P). Equation (4.79) is regarded as the
output of a cascade system involving a linear filter and exponential nonlinear for the input

of binary sequence. This example is important, because it gives the generating function
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@ for the orthogonal polynomials { By, (b;,,b;,," -, b;,,)}. From (4.72) and (4.79), we may
obtain the kernel functions as '

o0

o= H cosh[fi(k)],
k=—o00

‘am(ilai‘z,...,im) = gO'Am(zl,z% . ,im)tixt‘iz ety m2 1, (480)
m:

ty = tanh[fi(k)].

Substituting the result (4.80) into (4.68), we get the orthogonal functional expansion
g(w) = go + Z thl bk) + Z t;btle(bk, bl)

+3 Zt 1 Ba(b;, bj, b)) + (4.81)

4,0,k

On the other hand, this expansion can be derived by another method. For by = +1, we

find an identity
el B — cosh[fy(R)][1 + bitk], : (4.82)

where 1, is given by (4.80). Then we have

sor=o 55 si6m)

k=—o00

= Go H [1 4 t1by]

k=00

= go -+ g()}_‘tkb;h + JOZtktlbkbl -+ gO Z t:t; t;hb b l)k -+ - (483)

k<l 1<g<k

which is the same expansion as (4.81). Equating (4.81) to (4.83), we find the generating
function @ in (4.108).

4.6 Stationary sequence

We have considered the functional expansion of a stochastic functional g(w), which is a
random variable. This section discusses a stationary sequence generated by the stationary
binary sequence.

Let us define the shift 7" which translates a sample vector w into another sample vector

Tw in the sample space § by

Thi = biyr, Tw = (---,b_1,b0,b1,bg, ). (4.84)
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Because b; is a strictly stationary independent sequence, if a sample sequence w exists

with the probability P(w), the shifted sequence Tw must exist with the same probability

P(Tw) = P(w), which means measure-preserving. Thus, the shift 7' becomes a measure-
o

preserving transformation in € with one parameter group properties:
T° = 1(identity); T™T" = T™*", (4.85)

where m and n are any integers. Applying the shift to the multivariate polynomials, we

obtain

TP By (biy s biyy -+, biy s 0i) = Bua(biy sy big s+ iy 485 binerp)s  (4.86)

where 3 is any integer. Using (4.86) and (4.68), we obtain the functional expansion for
9(Thw)

TP =0t S dulk—BBUb) + S dallk— 81— B)Balbesb) 4+, (4.87)
k=-—o00 k=00

which is a stationary sequence generated from the binary sequence {b;}. The correlation
function may be easily calculated as

TP @) = laol +11 S ok — B (k)

k=-—co

+21Y " Gk — B,1 =BG (k1) + -+ - (4.88)
kel

Note that any statistical properties of g(T?w) can be obtained from one sample sequence,

because g(TPw) is ergodic.

4.6.1 Proof of ergodicity

The fundamental theorem of measure-preserving transformation is the ergodic theorem.
It is usually stated as follows: the ensemble mean is equal to the time mean.

Ergodic theorem: when the mean (g(w)) and the variance (|g(w)|?) are finite,

lim 57 3 0(7%) = (o(w) (4.89

n—rco B=-n
holds in ensemble mean square sense.

Proof: first, the condition (|g(w)|*) < co means that

(o)

G410 3 B +2 3 [aalk, D 4 < oo. (4.90)

k=—o00 k=~00
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For any positive number ¢, there exists a large integer P, such that when p > P,

k>p k,I>p 6
> a2 S Lk DE - < (191)
k<—p kl<—p
Then, there is a positive integer N, such that
42P + 1 2y~ 4(2P +1 2y —
wo < ACPEDg@IR e AP DP) e
2¢ 2¢
We can take a positive integer N such that N = maxz{P, N, }, which means
22P+1)(2N +2P +1) 2 € .

b

which will be used later. Assuming n > N, let us prove an inequality,

1 &, N
(g 3 atrver-an ) (1.94)
2 1=,
] [ee] n 2
R o (k —
(2" + 1)2 k:z—-oo ﬁ;n gl( 18)
2 S| s akopi-p)|
+— golk — B, 1 — + -
(271 + 1)2 k=—o00 | f=—n 9
< e (4.95)

For obtaining (4.95), we will repeately use an inequality for complex numbers by, by, - -+,

ba,

n

>t

i=1

2 <n i [o:?, (4.96)

which may be proved by the Cauchy-Schwartz inequality [88]

n 2 n
(Z“i) §n(2af), ; >0, i=1,2---,n. (4.97)
i=1 i=1

Because it is complicate to write the whole process of calculating (4.95), we only write
explicitly the first term of (4.95),

2

2 k>(n+P)
+...}+{ Z

k<~(n+P)

>

k=-00

S ik — )

PB=—

z{”f’

k=—(n+P)

2+...}

S (k- p)

B=-n

S (k- )

f=-n
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n+P n 2 n+P n 2
< 2{ S| X ak-p) + --}+2{ ol X h + }
k==t PP k==t D)L P,
k>n+P n 2
+{ Y Zgl(k_ﬂ)\ +}
k<—(n+P) | B=—n
n+P n
<ser| L% k=P |
k=—(n+P) |k ﬁI<P
n+P
+2(2n+1){ > Z‘gl(k~ﬂ)‘2+...}
k=—(n+P) F=—7
{k—p|>FP
k> 71+P n
von+ 0 57 S k-
k< —(n+P)B=—n
n +P
< appen ST (e v X3 lalk-or -
k=—(n+P) oo P=-—n
[k—Bl>P
k>P
< 2(2P 4 1)(2n + 2P + 1)(lg(w) |)+‘> (2n +1) { DRG] } (4.98)
k<—P

Substituting (4.98) into (4.94) and using the relations (4.91) and (4.93), we get the in-
equality (4.95). Since € is arbitrary, the ergodic theorem (4.89) holds in ensemble mean

sense.

4.7 Stochastic binary sequence with unequal prob-
ability

In the previous sections, however, we only discuss a special case where a binary sequence
takes two values with equal probability. In this section, we consider general probabil-
ity case. For a stochastic binary sequence taking two values with unequal probability,
we present explicit definition of the multivariate orthogonal polynomials and recurrence
formula. These formulas can be applied to various random problems in physics and engi-
neering.

Let {i);,z’ = 0,41,42,---} be an independent stationary binary sequence taking £1

with unequal probability

Plh = —1) = =L, (4.99)

where real p is the average parameter with || < 1. One easily finds the average and
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correlation
(i) = 1, (b= w)(B; — w)) = (1 = u?)8(3, 7). (4.100)

When p = 0, the binary sequence takes +1 with equal probability. When {4,173, -+, 1 }
and {71,72, -, jn} are two distint sets, it is difficult to obtain the monent (b; b;, - - b;,,

b;,bj, - -+ bj.), but we have

((biy = p)(biy = 1) -+ (i, — pt) - (b, — p)(bj, — ) -+ (bj, — )
= (1— g™ (i,5), (4.101)

which implies that we should regard b;_“z
=}

in unequal probability case as b; in equal

probability case.

4.7.1 Orthogonal polynomials

~

We also define multivariate orthogonal polynomials {Bm(i)il,i)iz, ---,i)im_l,bim), m =

0,1,2,---} associated with the binary sequence by

By = 1, (4.102)

Bib) = bi—p, (4.103)

Ba(bi,b) = [1=6(i,5)](b — p)(b; — p), (4.104)
By(bi b, by) = [1=6(i,5) - 8(i,k) — 8(k, 5)

+26(i, k)5(i, ) (b — p)(b; — ) (b — o), (4.105)

Bolbiy, by, -, bi) = An(inyiny - yim)(biy = ) (biy — ) -+ (biy, — p1), (4.106)

(m>1).

However, these polynomials may be obtained from a generating function Q as

A . o 0 d
Bm I)inbiga"'yli = AT AT Y AT 4.107
( ’ m) (?tix 0/;'2 atim Q to=t4) =tqgp=--=0 ( )

The generating function @) is formally given as

ﬁ [l + (b — )+t ] (4.108)
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Manipulating (4.102)-(4.106) and (4.21), we find the recurrence formula,

PR I bim_l)Bl([;im) + 2/‘ f?m—l(i)ini)iw Ty Bim_x')g(im’ Zl)

>

‘"(1 - ,u2) Z E}m—-2(i)inz’i2a e abil_ngiH.u Ty im_l)(s(imail)
I=1

A A ~ N ~

+(1 - ,ltz) Bm—-Z(bi] N biz 3Ty bil-‘l’bil—}-l’ e abim_l)(s(im,il)é(ika 21)(4109)

The formula (4.109) can be proved by the same method as the case of equal probability.
When p = 0, the binary sequence takes =1 with equal probability so that the formula
(4.109) is reduced to formula (4.29). Putting m = 2 in (4.109), we get a comprehensive

example

A

By(5:) Bi(b;) = Ba(bi, b;) — 2uBy(5:)8(3, 5) + (1 — 1*)é(3, 7). (4.110)

Note that (4.110) is a second order polynomial for ¢ # j, but becomes a first order

polynomial when 7 = j. Replacing b; by —% in (4.3), (4.4) and using (4.102)-(4.106),
R

we have

(B (biy, biyy -+ b,y b)) = 8(m, 0), (4.111)
(B (bnvbzw o i) J'z""7bju)>
= (1 - )nAm(ih i27 Ty jwn)An(jlaj'Zu o 7]n)5(ma n)(S(m)(z,]), (4112)

which mean that the multivariate polynomials have zero averages for m > 0 and orthog-

onality relation. These results (4.109)-(4.112) are also obtain first in the paper [70].

4.7.2 Stationary sequence and orthogonal functional expan-
sion
As same as the case of Sec.4.4, any function of w is a functional of the binary sequence

{6;}, enjoying an orthogonal functional expansion

= go + Z a1(k)By(b) + Z g2(k, 1) 32(bk,bl)

k=—o00 kl=—00

+ Z g3(k‘7lv7n)l§3(l;kyi)l)i)m)+ Y (4113)

k,ym=—oc0
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which holds in ensemble mean square sense. Here, the deterministic coefficient functions

can be given by

gm(ilai%"'aim) = Am(il)i2)'"7im)gm(i11i2a"')im)
(9(w) B (bi, by, - - - biy,))
(1 — p2)ymm!

(4.114)

where we have used the fact that non-zero diagonal kernels are symmetrical for their
arguments.

The stationary binary sequence {IA),} can also generate a stationary sequence

oI =0+ Yo Gk —A)Bi(b) + 32 dalk— 8,1 B)Balbib) +---,  (4.115)

k=—o0 k=00

where /3 is any integer and operator T' is a measure-preserving transformation in {1 satis-

fying the relation: T'(--- ,@—27 2)—1, i)o,i)h )= ,8—175072’1,1327' )

4.8 Conclusions

By formal discussions, we have obtained some new formulas concerning the multivariate
orthogonal polynomials of a stationary binary sequence. We also gave a simple example
of orthogonal functional expansion. Since these formulas are given in explicit form, they

" can be applied to various problems in random theory. However, we are interested in appli-
cation to the theory of wave scattering from binary random surfaces. Such an application
will be studied in the next chapter.

There are limitations in our discussions, because we only consider the case where {b;}
is a one-dimensional independent sequence. Extension from one-dimensional sequence to
two-dimensional random field can be done formally. Only modifications for the extension
are that the subscript ¢ of b; should be a two-dimensional index, and hence any summation
and Kronecker’s delta should be two-dimensional. However, the ordered summation in
(4.68) or (4.83) becomes meaningless.

Besides, it seems difficult to get explicit forms of orthogonal multivariate polyno-
mials for correlated binary sequence with any correlation function, because the multi-

dimensional probability distribution is still unknown for a correlated binary sequence.



Chapter 5

Diffraction and scattering from randomly

deformed periodic surfaces: binary case

5.1 Introduction

Diffraction and scattéring of waves from randomly deformed periodic surfaces have been
an important subject for many years, because natural and artificial periodic surfaces
are often randomly deformed by inaccurate fabrication and other reasons [15]. Several
authors studied such a scattering problem by several methods. In chapters 2 and 3, we
introduced a probabilistic method [71], where the scattered wave field was determined as
a stochastic functional of surface deformations. But, these works were restricted to a case
where random deformations are Gaussian. In this chapter, however, we study a case of
stochastic binary deformations, because such a case is related to digital recording devices
which store random data by surface deformations [26],[27].

We assume that a randomly deformed periodic surface is generated by a periodic
translation of a local surface profile, of which height is modulated by a stationary binary
sequence. Since such a random surface is a periodic stationary process, the scattered
wave is again shown to have a stochastic Floquet form: a product of a periodic stationary
random function and an exponential phase factor. Using a harmonic series representation,
we write such a periodic stationary random process as a sum of mutually correlated
stationary processes, which are developed by binary functional expansions with unknown
binary kernels; formulas of such a binary functional expansion have been obtained in
chapter 4. Sec.5.3 and Sec.5.4 give several statistical properties of the diffraction and
scattering, such as the coherently diffracted power, the scattering cross section and the
optical theorem. In Sec.5.5, for the case of a slightly rough surface and TE plane incident
wave, low order binary kernels involving multiple-scattering are determined from the
boundary condition. Some numerical examples are illustrated in Sec.5.6. Then, it is
shown that, even though diffraction efficiencies are related with both the height of average
periodic surface and the amplitude of random deformation, the total diffraction power

depends on only the amplitude of random deformation.

85
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Figure 5.1: Diffraction and scattering of a TE plane wave from a randomly deformed
periodic surface. L is the period, ag is half the width of the local surface profile, po and p;
are height parameters, 0 is the angle of incidence and ¢ is a scattering (diffraction) angle.b
The coherent wave is diffracted into only discrete directions indicated by numbers. The

incoherent wave is scattered into all directions.

5.2 Probabilistic formulation of the problem

Let us consider the randomly deformed periodic surface, shown in Fig.5.1, where the

surface deformation is expressed by a periodic stationary binary random process f(z,w),
(o]
t= J(mw) = Y gl —nL)[po+ pibu(w)], (5.1)

n=-—00

where g(x) is the local surface profile, L is the period, and b,(w) is an independent
stationary binary sequence taking &1 with equal probability: P(b, =1) = P(b, = —1) =

1/2. Then b,(w) has zero average and orthogonal correlation,
(bp(w)) =0, (bo(w)bpu(w)) = 8(n,m), (5.2)

where w is a probability parameter denoting a sample point in the sample space Q. From



Sec.5.2  Probabilistic formulation of the problem 87

(5.1) and (5.2), f(z,w) has periodic average:

(f(z,w)) = po i g(m——nL):(f(:;-{—L,w)), (5.3)

=== 00

where py is the height parameter of the periodic component, and periodic correlation:

R(z,@') = ([f(z,w) = (f(z,w))] [f(z',w) = (f(=',0))])

7Y gle—nlL)g(a' —nL)

n=-00

R(z + L,2' + L), (5.4)

where p; is the amplitude parameter of random deformation. Note that the random
surface is made up of periodic component (average part) and random component.
By use of the shift operator T' defined in (4.84), it holds that b,(w) = bo(T™w) for

almost all w, so that (5.1) has a shift invariance property
flz,w) = f(x +mL, T "w). (5.5)

Note that f(¢,w) is invariant under the two dimensional shift which takes (z,w) into
(z +mL, T~"w).
Let us denote the y component of the TE electric field by ¥(z, z,w), the incident wave

by ¥;(z,w), and the scattered field by W,(z, z,w). These fields satisfy

0* 0 5

[5‘;;5+'8‘;2-+k ]\D(w,z,w) =0, (5.6)

U(z,z,w) = U;(x,2) + Uy(z, z,w), (5.7)

Ui(w, z) = ol (5.8)

W, (2, 2,w) = P U(x, z,w), (5.9)
2mn\?

p= k cos 0, /Bu(’\) = k% — </\ + T) 9

Im[B3,(p)] >0, n=0%1,+2,---, (5.10)

where U(x, z,w) is a periodic stationary process of & with the period L, enjoying the shift

invariance property
U(z,z,w) =U(x +mL,z, T""w), m=0,+£1,---. (5.11)

This implies that the average (U(x,z,w)) is a periodic function of . The fact will be

used below.
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5.3 Stochastic representation for the periodic sta-

tionary process

We now consider the harmonic series representation for the periodic stationary random

surface f(z,w). First, we express the local surface profile g(z) as,

x

g(z) = /°° TGN = 3 UEE /_ DGO,

g=—00 L
2
GO0 = G(A + %‘l) GO*(\) = GEI(=N). (5.12)
Substituting (5.12) into (5.1), we obtain the harmonic series representation for f(z,w),
few) = 3 0 (w), (5.13)
g=—o0
(a) 21Po S T ine—nL
fOa,w) = ZRGD0) +p Y B )[bn}/ DGO (M)d),
’ nm=—00 T
f(q)*(maw) = f(wq)(:‘7>w)' (5.14)

Note that (5.13) is a ‘Fourier series’, where a ‘Fourier coefficient’ f((z,w) is not a deter-
ministic constant but is a stationary process with constant average and mutual correlation

function Ry ()

2 .
(f(z,w)) = “—7%’396’“”(0), (5.15)
2 x
Ryg(z) = 37%& / L" e GO (N)GE*(N)d), (5.16)
-T

Rop(z) = Ryq(—z), Ry(0) 2 0.

Because U(z,z,w) is a periodic stationary process satisfying (5.11), we write it by the
harmonic series representation

Ulx,z,w)= Y, (eg%ﬂU(q)(:v,z,w), (5.17)

g=-—00

where U(@(z, z,w) is a stationary process of . Since U9 (z, z,w) is a stochastic functional
of the binary sequence, it can be represented by a binary expansion (4.68) for each value of
(z,2). Since Wy(x, z,w) satisfies (5.6) and the radiation condition for z — oo, we rewrite

(4.68) and we put

U(")(a:, zZ,w) = Cé“eiﬂ"(p)z + i B(l)[bm] /Tﬂ CYI)(/\)ei’\(z_mL)+i'@°(p+’\)zd/\
-T

m=-—00
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5 Bl [ [T OO, A e Rl ) ) d
L

M N 00

T ' (5.18)

where B(™[.] is the multi-variate polynomial defined in chapter 4, and »((,Q), Cf'”(/\),
C’éq)()\l,/\z), --- are binary kernels in the spectral domain. From (5.7), (5.9), (5.17) and

(5.18), we obtain the coherent wave (average wave)

(U(z,2,w)) = ePibol)s | give §™ EEEHiB 0L, (5.19)

g=-o00
This is exactly Floquet’s solution for a periodic grating, which means that the randomly
deformed periodic surface works as a perfectly periodic surface for the coherent wave. As
a result, the coherent wave is diffracted into only discrete directions. C’((,q) is the amplitude

of the g-th order coherent wave diffracted into the direction ¢,(0), where

1 2
dy(X) = cos™! T (p + A+ ;(I) ; (5.20)

On the other hands, the incoherent wave is scattered into all directions. For example,

Cl(q)(/\) is an amplitude factor of the incoherent wave scattered into the direction ¢, ().

5.4 Scattering cross section

In a loss-less case, we obtain the optical theorem,

Bl _ L5 refpulics”r

k n=—00

1 & 2n\ [T . )
+En§w{“(f) f_% Re[Ba(p + M]ICI (V)[PdA
2 I .
+2'(%)2/[_; Re[ﬂn(]) + A+ /\2)“0’5 )(,\1,/\2)|2d)\1d/\2 4o }7 (5.21)

where the left-hand side is the incident power, %R,e[/},l(p)]|C’((,n)|2 is an coherent diffraction
efficiency, the first term of the right-hand side is the total coherent power, and an integral

indicates incoherently scattered power. The scattering cross section o;(¢|0) is given by

*S(A\)

oi(#|0) = 2mksin®¢ i {1!(277()'01(11)(/\“)

2m

+-2!( 7

) [ 0n = XN SOw = X)X 4}, (5:22)
a
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where

S\ = {1 A <n/L 2mn (5.23)

, Ay = k(cos ¢ — cos ) — —,
Al > n/L (cos ¢ ) L
where ¢ is a scattering angle shown in Fig.5.1. We will calculate numerically these quan-

tities by use of low order binary kernels.

5.5 An approximate solution

Let us determine the binary kernels from the boundary condition. When the random

surface is perfectly conductive, the wave function satisfies the Dirichlet condition:
U(z,z,w) =0 for z = f(z,w). (5.24)

For simplicity, however, we only consider the case where the random surface has small
roughness and small slope. In this case, the boundary condition may be approximated by

OV (x, z,w)

\I’(;L‘,Z,UJ) +f(-(l7a‘-‘-’) Dz

=0 (z=0). (5.25)

Substituting (5.7), (5.9), (5.17) and (5.13) into (5.25) and using orthogonality relation
(4.28), we obtain hierarchical equations for the binary kernels.

the zero order equation

P> [5<n,r>+?37}@-@“-“(0)@.(;;)]05”+5<n,o> 2780 G0 0)f(p)
”””1 Z /EG" D(=NB.(p + NCO NN =0, (5.26)
the first order equation
> [6(n,r) + &;}’EG(M(OM.@ + A)} ()
Hp 30 GOINBICE — infulp)GP()
’“”" Z / G N (p A A+ N (A NN =0, (5.27)
r=-—00 T

the second order equation

oo

2 [(" r)

re|—-00

LHTT[()

G 0)B(p + A+ A2) C(A, Ag)
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F2 5 [GO 02 + M) (M) + GO B + A)C ()]

2 r=—00

ZPL Z /L" Cv(n r) I\)ﬁr(])+ )\l + A)cy{")(/\l + A)dA
= —00 T

L & I .

w D /WG‘" I = MB,(p+ X + A)CD (g + A)dA

6 r

Mp Z / G (=) (p + M + Az + X3)C (A, Mg, Ag)d)s = 0. (5.28)
r=—00 T

Neglecting Cér)()\, X in (5.26) and (5.27), we obtain an approximate solution for C(S” and

C{)(X), which are represented in matrix form,

= [1+ Do(0,p) — M(p)]~ [D0 (0,p) — T — M(p)|1°, (5.29)
Ci(\) = [T+ Do(0,p + /\)] D, (A, p)[I° = Col, (5.30)

where I is the unit matrix, Dg(0,A) and D, (A, p) are infinitely dimensional matrixes

127 po _
Do(0,)) = =[G (0)B, (M),
D,(\,p) = ip [G" (0B, ()], | (5.31)

where G*)(X)B,(p) is the (n,r) element of the matrix [G(*~")()\)B,(p)]. On the other

hand, I°, Cy and C;()) are infinitely dimensional vectors

° = (...’5(7~0)...)t
Co = (-, cO M.,
Ci(A) = (-0, 000, e, ), (5.32)

and M(p) is a mass operator matrix involving multiple-scattering,

M(p) = £ Dl( A p+ AT+ Do(0,p+ A)]"Dl(x,p)dx. (5.33)

L

We show the real and imaginary parts of the mass operator (the component of the matrix)
in Fig.5.2.
From (5.29) and (5.30), C"()) can be written as

CPM) =ip 3 aalp + NGINEM[BG,0) - P, (5.34)

r,JE=—00

[4,-(\)] = [L+ Do (0, 1)),
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Figure 5.2: Real part and imaginary part of mass operator matrix M(p) with parameters
L =3A, 0 =60° ao = A and py = p, = A/40. The diagonal element of real part is

relatively large. The imaginary part is quite small.

where g, (1)) is the (n,r) component. Substituting (5.34) into (5.22), the scattering cross

section o;(¢|0) is approximately expressed as

2 ©0
sin® ¢ Z o, (k cos ¢)
=00

2

x GU= (L cos ¢ — k cos 0)3, (k cos 0)[5(]’,0) - C((,j)] +---. (5.35)

Since Céj) is an amplitude of the coherent diffraction, (5.34) and (5.35) imply the physical
mechanism such that the j-th order coherently diffracted wave generates an incoherently
scattered wave with C{")()\), and o;(¢]0) is determined by the contributions from these

coherently diffracted waves. This fact agrees with other papers [17,18,71].
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5.6 Numerical examples

For numerical calculations, we assume that the local surface profile g(z) is a rectangular

boss with smooth edges shown in Fig.5.1, and we put

T — Qg

o(z) = %[erf(xiao)——erf( %oy, (5.36)

erf(z) = % [ et (5.37)

sin(agA) _ten?
G\ = .__.;(r_).\"__le ?, G(%):O, n # 0, (5.38)

where ag is a width parameter, erf(z) is error function and « is a constant determining
the surface shape. For concrete calculations, we put £ = 0.2A, L = 3A, ap = A, po = p1 =
A/40 and 8 = 60°, where A is wavelength. Further, we approximate (5.29) and (5.30) by

61 x 61 matrices and 61 dimensional vectors.

10
m 01(¢'0)
)
R -10
5
3=
3
@ -30 | P o
g <
o 0 order
g .

N
f:; -50
A \
-70 \ N\
0 30 60 90 120 150 180

¢ in Degree

Figure 5.3: The contribution from 0, Ist and -1st order coherently diffracted waves with
parameters ag = A, 0 = 60°, po = p; = A/40 and L = 3A. The contribution from 0 order

coherently diffracted wave is much larger than that from the other orders.

As is pointed out above, the o;(¢$|0) is made up of contributions from each coherently



94 Ch. 5  Diffraction and scattering (binary case)

diffracted wave. Fig.5.3 shows contributions from each coherently diffracted wave sepa-
rately. Since C((,O) is relatively large but )(()j) is small for j # 0, the contribution from the
0 order coherently diffracted wave is much larger than that from 1st or -1st order coher-
ently diffracted wave. In other words, o;(¢|¢) is mainly determined by the 0 term in the
summation in equation (5.35). The scattering cross section o;(¢|0) is calculated against
the‘scattering angle ¢. Figure 5.4 shows that the incoherent scattering spreads widely
and is relatively strong in the direction of specular reflection. Since g(z) is a smooth
rectangular and (/(A) has zeros, o;(¢|6) has ripples. However, such ripples may disappear
when ag is relatively short, as is shown in Fig.5.5. By (5.35), the scattering cross section
is inversely proportional to the period L, as illustrated in Fig.5.6. Fig.5.7 illustrates, for
several values of py, the backscattering cross section o;(¢|180° — ¢) which is relatively
strong when the incident angle is 90°.

As is mentioned above, the coherent wave is only diffracted into discrete directions.
Fig.5.8 shows that the total coherent power, given by the first term in the right-hand side
of (5.21), decreases when the amplitude of random deformation increases, but has little
dependence on the height py of average periodic surface. Figure 5.9 illustrates that the 0
order coherently diffracted (specularly reflected) power R,e[[BO(p)]IC((]O)P /k decreases with
the increase of py or p;. In Fig.5.10, the 1st (-1st) order coherent diffraction becomes large
when pg gets large. As p; increases, however, they increase for pg = 0 but decrease for
po = A/40. This interesting fact is probably caused by combinations between multiple-
scattering and diffraction due to periodicity.

The optical theorem against the amplitude p; of random deformation is shown in
Fig.5.11. The incoherent scattering increases but the total coherent scattering decreases
when the value of p; increases. Besides, the total power, the sum of total coherent

diffraction and incoherent scattering, is almost equal to the incident power.

5.7 Conclusion

In this chapter, we discussed a probabilistic formulation of the diffraction and scattering
of a plane wave from periodic surfaces randomly deformed by a binary sequence. The
scattered wave is shown to have a stochastic IFloquet form, that is a product of a periodic
stationary random function and an exponential phase factor. Such a periodic stationary

random function is then represented in terms of a harmonic series representation, where
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coefficient functions are mutually correlated stationary processes rather than constants.
The mutually correlated stationary processes are written by binary orthogonal functionals
with unknown binary kernels. When the surface deformations are small compared with
wavelength, an approximate solution is obtained for low order binary kernels, from which
the scattering cross section, coherently diffracted power and the optical theorem were
numerically calculated.

The properties of scattering from periodic random surfaces have been studied in chap-
ters 2 and 3 for the Gaussian case but in chapter 5 for the binary case. Though the
Gaussian sequence and the binary sequence are two different sequences in probability
distribution, they are same in average and correlation function. Further, they have same
forms of the orthogonal Hermite polynomials (4.102)-(4.24), (A.3)-(A.5) and the recur-
rence formulas (4.29), (A.7) up to the second order. Thus, when we determine the kernel
functions neglecting the second order kernel functions, the first order Wiener kernel is
same as the first order binary kernel, and the scattering properties calculated by only the
first order Wiener kernel is completely identical to that given by the first order binary
kernel. However, the multi-variable orthogonal polynomials and the recurrence formulas
for the third order in the two case are different, we think that the second order Wiener
kernel and the second order binary kernel are different. Though we have not determined
the second order binary kernel, we can see the difference from the equation (2.57) and
(5.28). That is because that the integral terms on the first order kernels in (5.28) do not
appear at equation (2.41). As a further research problem, we will determine the second
order binary kernel and compare the Gaussian case and the binary case.

Besides, for the TM incident wave, we have not discussed the binary case. The work

will be remained further study.
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Figure 5.4: Scattering cross section against scattering angle ¢ for several angles of inci-
dence. Parameters are ag = A, pg = p; = A/40 and [ = 3A Scattering cross section is
relatively strong in the direction of specular reflection.
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Figure 5.5: Scattering cross section for several values of ao with parameters 0 = 60°,

po = p1 = A/40 and L = 3A. When the width parameter ag is small, no ripples appear.
The number of ripples increases with the increase of aq.
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Figure 5.6: Scattering cross section for several values of period L with parameters ag = A,

po = p1 = A/40 and 0 = 60°. The scattering cross section is almost inverse proportional
to the period L.
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Figure 5.7: Backscattering cross section 0;(¢[180° — ¢) for different values of p;. Param-
eters are ag = A, L = 3A and pg = A/40 The backscattering is relatively strong when the
incident angle is 90°. ' ¥ ' A
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Normalized total coherent power
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Figure 5.8: The total coherent power 3 Re[/3,(p)] IC(S")

and p;. The power decreases when the amplitude p; of random deformation increases,

0

2
/k against height parameters pg

but has little dependence on the height pg of average periodic surface.

Normalized 0 order coherent power

ap = A
0 6 = 60° 10
0 L=3A
0.0 , 0.5
o (A740) po x (A/40)
1.0
Figure 5.9: The 0 order coherently diffracted (specularly reflected) power

2 1
Re[A(p)] 'Céo)‘ /k against height parameters po and p;. The power decreases with in-
creasing of pg or p;. The diffraction angle is 60°.
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Figure 5.10: The coherent diffraction efficiencies again height parameters py and p;.
(a) the 1st order diffracted power Re[3(p)] lC((,I)r /k with diffraction angle ¢;(0) =
cos1(5/6) = 33.6°. (b) the -1st order diffracted power Re[3_,(p)] |Cé_l)l2 /k with diffrac-
tion angle ¢_,(0) = cos™!(1/6) = 88.4°. As p, becomes large, the coherent diffraction
increases for po = 0 but decreases for py = A/40.
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Figure 5.11: The optical theorem against p;, of random deformation with parameters
L = 3A, 0 =60° ao = A and pg = A/40. Incoherent power integrated over all scattering
angles. The 1st and -1st coherent power are small quantities and are enlarged 100 times.
The 0 coherent power is slightly smaller than the total coherent power. The sum of total

coherent and incoherent power is almost equal to the incident power.



Chapter 6

Scattering from a thin film with volume

disorder

6.1 Introduction

The scattering problems may be divided into two categories by the physical reasons: sur-
face factors and volume factors. In previous chapters, we have considered incoherent
scattering of waves whose random nature was caused by random surfaces, i.e. by surface
factors. In this chapter, however, we investigate random wave fields generated by a thin
film with volume disorder, where the scattering takes place by volume factor. Several
authors have studied the backscattering from such a random thin film by Born approx-
imation [89] and multiple-scattering analysis [90]. Towever, we discuss the scattering
problem by a systematic theory of stochastic functionals in this chapter.

In Sec.6.2, we consider the formulation of the problem, where the volume disorder of
the thin film is mathematically given by a homogeneous Gaussian random field. We know
that the diffracted wave may have Floquet’s form for a periodic case and scattered wave
may have stochastic Floquet’s form for periodic random cases. In this chapter, we first
determine a form of the scattered wave using the shift invariance property of the homoge-
neous Gaussian disorder. It is shown that, in regions outside of the thin film, the scattered
wave has stochastic extension of Floquet’s form: a product of a homogeneous random field
and an exponential function. In Sec.6.3, we express such wave functions by the Wiener ex-
pansions which have deterministic coefficient functions called Wiener kernels. In Sec.6.4,
we obtain several statistical properties such as coherent wave, scattering cross section and
the optical theorem, which are all represented in terms of the Wiener kernels. On the
other hand, the wave function inside the thin film is represented by a linear combination
of homogeneous random fields with complex parameters. Since the thin film is finite in
thickness, such homogeneous random fields become analytic in the complex s plane. Rep-
resenting such homogeneous random field by the Wiener expansion, we approximately
determine low order Wiener kernels on the basis of the analytical property of the Wiener

kernels in the complex s plane. Further, we give nunerical results in Sec.6.6. Then, we

101
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3 €3
A 2= D
—=» X
0 1
1 B 0 Y €1

Figure 6.1: The scattering of a T plane wave from a random thin film ( thickness [).
6 and ¢ are the angle of incidence and a scattering angle. The rectangle ABCD is an

integral area for obtaining the optical theorem.

find that the incoherent scattering is enhanced in the directions of backscattering and

specular reflection. We discuss the physical mechanism of the enhanced scattering.

6.2 Formulation of the problem

We consider a TE wave scaltering from a thin film with volume disorder as shown in
Fig.6.1. The media 1 and 3 have permittivitics ¢; and €3, respectively. Since the medium

2 is randomly inhomogeneous, we write
€2 =& (1 + ¢ (r,w)), (6.1)

where & is the average permittivity, r = zve, + ze, (e, and e, are the unit vectors in
the @ and z directions, respectively) is a two-dimensional position vector, w denotes a
probability parameter describing a sample point in the sample space 2 and €;(r,w) is a

strictly homogeneous random function representing permittivity fluctuation. We assume
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that €;(r,w) has zero average and the variance o2,

(es(r,0)) = 0,  ((r,w)) = o?. (6.2)

Because €;(r,w) is a strictly stationary process, a two-dimensional translation r — r 4 a

of a sample function yields a shift 7% in the sample space {1 such that
es(r+ a,w) = ¢(r, T?w), (6.3)

which means that ¢;(r,w) = €/(r + a,7~%w). Therefore, ¢;(r,w) is invariant under the
translation from (r,w) into (r + a,7 ?w). The fact will be used to determine the wave
function later. Here, T® describes the measure-preserving transformation taking w into

another sample point 72w with the group property:
TP = T*+b 79 = 1(identity), a,b € R (6.4)

Because of the layer structure as shown in I'ig.6.1, we decompose T into z and z directions
and introduce operators T, and T, by the relations:
T =T TO = 1(identity),  T°T® =T+, (6.5)
Tb: =T, TP = 1(identity), T°T = T2% —00 < a,b < c0.

We denote the y component of the TE electric field by ¥(r,w), which satisfies the

two-dimensional wave equation in each areas,

(V2 + k2P (r,w) =0, 2<0
(V2 + k(1 + ¢(r,w))]¥(r,w) =0, [>2>0
[VZ + K29 (r,w) =0, z>| (6.6)

where, ki, k; and k3 are wavenumbers in medium 1, medium 2 and medium 3, respectively.
In medium 1, the wave function ¥(r,w) is written as a linear combination of the incident
plane wave e?*+i/1(P)2 which is independent of w and the scattered wave W,(r,w) that is

a random function,

U,y (r,w) = eiPrtibi(p)e + \Ils(r,w), (67)
pP= kl COos 0) :Hl(p) =YV k]Z e P2, Im[ﬂl(p)] Z Oa

where @ is the angle of incidence. Since the incident wave is a plane wave and the

thin film is homogeneous in the z direction, the scattered wave becomes a product of
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a homogeneous random field of x and an exponential function of z. This should be
understood as a stochastic extension of Floquet’s theorem for a periodic case. Therefore,
wave functions in the other media are also expressed by products of homogeneous random

fields of » and the exponential function of x;

Uy(rw) = PO Lz, TEw)) (68)
Uy(r,w) = €Puy(z, Tw), (6.9)
Us(r,w) = P uy(z, Tw), (6.10)

where u;(z, Tw), wz(z, Tw) and uz(z, T*w) are homogeneous random fields of z but
inhomogeneous in the z direction.
Since the electromagnetic field is continuous in space, the homogeneous random func-

tions satisfy the boundary conditions at z = 0 and z = [,

1+ (0, T w)
iBi(p) + 10, T2w) = (0, T%w),
w(l,Trw) = us(l,Tiw),
G, Tow) = (1, Tow), (6.11)

= uy(0, wa)u

where the prime expresses the differentiation with respect to z.

Next, let us determine a form of the wave function in the direction z within the thin
film. On the basis of a fact that ¢;(r,w) is invariant under the translation from (z,w) into
(z + a, T, “w), we introduce a translation operator D¢ acting on the function u,(z,w) by

the relation,

Dluy(z,w) = wa(z + a, T, "w), (6.12)
which also translates (z,w) into (z + a, T, “w). Using Fourier transformation on D, we
obtain

=zl )
/ e Diuy(z,w)da = v(Tiwls), (6.13)
I M ! U g ¥
v(Tiw|s) = /0 e uy(a', T TFw)dd', (6.14)

where the interval [—z, —z + (] of the integration is finite since u,(z,w) = 0 outside the
thin film. From (6.13) and (6.14), we find that v(T?w]|s) is a homogeneous random field

of z and invariant under operator D¢

Dv(T?w|s) = v(T;wl|s). (6.15)



6.2, Formulation of the problem 105

Thus the transformation (6.13) changes the inhomogeneous random field uz(z,w) of z
into a homogeneous random field v(T7w|s) of z. This can be also considered as a trans-
formation into the complex s plane. In fact, v(T?w|s) becomes an analytic function of
s when [ is finite. From this analytical property, we will determine v(77w|s) and the
boundary values in (6.11), simultaneously. Integrating (6.13) with respect to s, we obtain

the inverse transformation,

us(z,w), 0<z<|,

6.16
0, z2<0,2>1. ( )

1 o
e*u(Tiwl|s)ds = {

21 J—co

Therefore, ¥,(r,w) can be expressed by the homogeneous random field v(T"wl|s),
eipz' [C- T
Uy(z,2,w) = —5;/ e**v(T"w|s)ds. (6.17)

Now we take the Fourier transformation of (6.6) with respect to D? over the interval
(—z,—2z + ) to obtain an equation for v(T?w|s). By integration by parts, we get a

stochastic equation for v(T?w|s) (see the next subsection)

[(ip + V) + (is + Vo) + k(1 + ¢ (r,w))]o(T w]s)
= e, T ) — (0, 7)) — (i + V) e (L, TV w) - us(0, TFw)]
= [iBu(p) + 11 (0,w)] + (is + V2)[1 + w1 (0, T"w)]

—e Ml (L, T T w) + (35 + V. )ug(L, TH T w)), (6.18)

where V, = 0/0z and V, = 0/0z. Here we have applied the boundary conditions in
(6.11) to get (6.18).

6.2.1 Derivation of the equation (2.18)

Let us calculate the Fourier transformation of (6.6) with respect to D% over the interval
(=2z,—z 4+ 1). Since €;(r,w) is invariant under the translation operator D? by (6.3), we

obtain

-zl X

[ e DeE k(L + ¢ (v, 0] (r,w)da
—z41 .

= / e D (ip + Vi) + V2 + k21 + ¢4(r,w))]ug(z, TP w)da

-z

) —z+l1 .
— ezsz[(ip+ Vz)2 +l\’§(l + 6j(r,w))]“(T"w) + e*—lsangzu2(Z’T§w)da, (619)

-3
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where (6.19) is obtained from (6.9) and (6.13). Next, for calculating the integral in (6.19),

we consider the Fourier transformation of V,uy(z + a, T, T w),

=zl
/ eV ous(z + a, T, *Trw)da

¥

—z41 —isa a —a a —z+1 w i "b‘
= /_Z e —é-(:urz(z +a, T T w)da — wl. Phug(z 4+ a, T, " Trw)da

b=0
] a=-—2z+41 —zl ) '
=e "Muy(z +a, T, THw) + is/ e "uy(z + a, T, *Tow)da
-g—ei”v(T‘"T“”w) (6.20)
Bb V b=0 '
) a=—z+41 )
= e ""uy(z + a,T;*Tiw) + e (is + V(T w)
| S
= e “uy(z + a, T Tiw)
| e
+e*(1s + V) [6_'“/ e uy(z + a, T;“wa)da] , (6.21)

where we have used integration by parts and (6.13) to get (6.20). Replacing us(z +

a,T;7*Tiw) by V,uy(z + a, T;7%TFw) in (6.20) and (6.21), we have
~z4l . . § ) a=—z+1

/ e DIV uy (2, T w)da = €™V uy(z + a, T, T w)

—2Z

a==-—3z

—z41

+e”"‘(z’5 +V.) [e‘"i”/ e"is“vzttg(z +a, T;“T;’w)da] (6.22)

a=—z-+l
a=—2

) . . —z4l ,
+ewz(i5 + Vz)z [C”ls'z/ e*zsuuz(z + a, T;“Tjw)da] (623)

= e (I, TS T w) — uh(0, T w))

+eisz(is + Vz) [e"isze"isaltg(z + a, T;“'If‘ﬂ)

= e uy(l, T T w) — uy(0, T w)]

e (is 4+ V) [e 7 ug(, T T w) — ug(0, T w)] + €% (is + V) v(T"w). (6.24)

Note that (6.23) is obtained by applying (6.21) again. Substituting (6.24) into (6.19) and
using the boundary conditions in (6.11), we easily obtain the equation (6.18).

Here, we should note that V,uy(l, T, w) and uy(l, T7"T"w) are different. By defi-

nition, we obtain Duuy(z,0)

_ (2, w

LT lTl‘ — AT )

(1, 7777w = 224

which means that the derivative duy(z,w)/dz at z = [ is translated by the shift from w

(6.25)

z:l,w:Tz—"Trw,

into T~!T"w. In other words, we first calculate the derivative duy(z,w)/dz at z = [, and
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then translate it from w into T~'T"w. On the other hand, we ohtain

Ouy (L, T T w)

V(LT T w) = :
Oz

, (6.26)

where we first shift uy(l,w) into uy(l,7~'1"w), and then calculate it’s derivative with

respect to z.

6.3 Stochastic Functional

We assume that the permittivity €;(r,w) is a Gaussian process generated by the complex

Gaussian random measure dB(A,w) (see Ref.[61]) and is represented as a Wiener integral,
¢/ (r,w) = /m ATG(A)dB(A, w), (6.27)

where A = Aye, + Ace, is a two-dimensional vector. The dB(A,w) has zero average, &

correlation function and shift invariance property under T,

(dB(A,w)) = 0, (6.28)
(dB(A,w)dB*(A",w)) = &(A — A')dAdA’, (6.29)
dB(A, T'w) = é&AYdB(A,w), (6.30)
dB(A,w) = dB*(—A,w). (6.31)

When €;(r,w) is isotropic and |G(A)|* = |G(|A])|* holds, we have the correlation function

of e4(r,w),

Re(lr'—r,l) = <€f(l‘,f-d)€/(l",w)>
— o /0 " Jo(Alr — ¢))|G(A)[PAdA, (6.32)

where Jo(+) is Bessel function.
Next, we consider u;(z, T%w) and wuy(z, T*w) as functionals of dB(A,w). For mak-
ing e?*u,(z, T%w) and e us(z, T*w) satisfy the wave equations (6.6) and the radiation

condition for |z| — co, we write Wiener expansions ! for u;(z, T?w) and us(z, T?w) as

w (z, T w) = Age u?x(p)z+/ A(A)eths®= iB1(p+Az) zh(l)[dB(A)]

+//A2(A1,AQ)e"A““ﬂ)L“”'(”+A“+Al‘2)”h(2)[dB(A1),dB(Az)]+---,(6.33)

!Note that these Wiener expansions are the two-dimensional form on multiple Wiener integrals.
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ws(z, T%w) = Coe'® )2 +/Cl(A)ez‘sz—l-iﬁs(lH-Ax)zh(l)[dB(A)]
+//02(A1,AZ)ei(Azx+Az2)$+iﬂ3(])+Axl+Ax2)2h(2)[(ZB(A1)7dB(AZ)] +---,(6.34)

Bs(p) = /K3 — p?, Im([Bs(p)] = 0,

where Ag, Co, A;(A), Ci(A), --- are deterministic coefficients called Wiener kernels and
RM[dB(A)], MD[dB(A,),dB(As)], - - are Wiener differentials. Here, we have dropped w
in dB(A,w).

For solving (6.18), we need functional expressions for u} (0, w), uy (0, T*w), us(l, T* T 'w)
and uz(l, T"T'w). These functional expressions are easily obtained from (6.33), (6.34)
and the translation property (6.30). Similarly, we regard v(T"w) as a functional of

dB(A,w), and we write its Wiener expansion as
o(Twls) = Fo(s) + [ Fu(Als)eATdB(A)
t [ [ Falhs, Agls) A AR OAB (AL, dB(A)] 4+ (6.35)
Since v(T"w|s) is an analytic function on the s plane, Wiener kernels Fo(s), Fi(Als), -
are assumed to be analytic on the s plane. By (6.33), (6.34) and (6.35) the scattered wave

can be determined as a stochastic function, if we determine coefficients Ag, Co, A1(A),

Ci(A), Fo(s), Fi(Als), etc.

6.4 Coherent wave, optical theorem and scattering

cross section

In the preceding section, we have obtained a representation of the scattered wave as a
stochastic functional. In this section, we will obtain representations for the coherent wave,
optical theorem and incoherent scattering cross section. From the orthogonality of Wiener

differentials, the coherent wave (average wave) can be expressed as

(Uy(r,w)) = P[Pz 4 fgemir(P)2],

ipT o0
(Wa(r,w)) = S [ e Fols)ds,
(Us(r,w)) = Cpelre+ra(p)z] (6.36)

Clearly, Ag is the coherent reflection coefficient and Cj is the coherent transmission coef-

ficient. Next, we consider the optical theorem. For a loss-less case, it holds that

div [Im(i2 . grad‘[‘g)} =0, (6.37)
2
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which is deduced from wave equation (6.6). Integrating (6.37) over the box ABCDA in

Fig.6.1 and applying the Gauss theorem, we obtain

v3 .
(/AD dx + be dz + /CB dz + ./BA dz) Im(k—2 . grad\Ilg) =0. (6.38)

Because the integral intervals of DC and BA are finite, calculating the integral per unit

length (of BC), we have

*

1 1
lim —— 2. = .
{85}?2‘; 0] </AD dr + /CB da:) Im( k2 gra,dlIlg) 0, (6.39)

where |OB|, |OC| and |BC| are the lengths of intervals OB, OC and BC, respectively. By
ergodic theorem that the mean over space is equal to the ensemble mean over all sample
points, (6.39) becomes

z}—(Im(KII.: -gradW,)) = 0. (6.40)
2

Considering the boundary conditions (6.11) and substituting the Wiener expansions (6.33)

and (6.34) into (6.40), we get the optical theorem.

sin@ = sin 0|Ao|® + Re[Bs(k; cos 0)]|Col*/ k1
o [ (@l + o [ oy(gl0)de (6.41)
o Je 7° 2 Jo 7 ’ '

where ¢ is a scattering angle. The left-hand side is the incident power per unit length,
whereas the first and second terms in the right hand side are coherently reflected and
transmitted power, respectively. The o(¢$|0) and 0,(¢|0) are scattering cross sections in

the forward (0 < ¢ < ) and backward (7 < ¢ < 2m) directions, respectively.
op($|0) = 2k, sin® qb/oo |A; (ki(cos ¢ — cosO)e, + Ae,) |PdX, +---, (6.42)
9 1.2 0.2 o
(o) = :‘_TLS:E_.E/ |Cy ((kscos ¢ — ky cos0)e, + Ae,)|2dN, +---.(6.43)
1 —00

We will calculate scattering cross section by use of the first order Wiener kernels.

6.5 Approximate solution

\ . . o . R Ry - . . N
Ior concrete dlSC\lSSlOll, We assune an isotropic Gaussian correlation function as

r

Ru(r) = o exp ( - ;;) (6.44)
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where & is the correlation length. Substituting (6.33), (6.34) and (6.35) into (6.18), we
obtain a hierarchy of equations for F,,’s
the zero order equation
[ p* = $"Fo(s) + K2 [ G"(A)Fi(Als)dA
= s+ AP +ils — Br(p)] Ao — ils + Ba(p)l BB NCy, (6.45)

the first order equation

(k3 — (P + Ao)® = (s + A)P]Fi(Als) + k3G(A) Fo(s)
2k / (A (A, A|s)dA
= s+ A~ Ailp + A A(A)
—ils + A + Bo(p + A)|e P PHAITAIE (A, (6.46)

the second order equation

(k3 — (P4 Aot + Aaz)® — (s + Ay + Au2)’| Fa(Ag, Agls)
PG R(Rals) + GADR(A )
+3k§/G*(A’)F3(A1,A2,A’Is)dA’
= i[s+ A+ Asz — Bi(p + Aut + Ar2)]A2(Ay, Ay)
—i[s 4 Ast + Asa + B3(p + Mgt + Agg) ]l Prhartha)=Ra=ta=skc) (A, A,)

4, (6.47)

Neglecting the integral term and the right-hand side in (6.46), we roughly obtain
k3G(A) Fo(s)

l"g - (]7 + Am)2 - (3 + Az)z.

Because (6.48) has poles in the s-plane, (6.48) can’t become an approximation solution

of Fi(A|s). But it can be used as the correction of Fy(s). Substituting (6.48) into (6.45),

FI(AIS) ~ —

(6.48)

we have

[ — p* — 5% + m(y/p? + s2)] Fuls)

= i[s + Bi(p)] +i[s — Bi(p)] Ao — i[s + Bs(p)]e PP~ Co, (6.49)

where m(y/p? + s?) is the mass operator describing a multiple-scattering effect. For an

isotropic random medium, we obtain

.2 .2 — A |G(A)tl |
m(\/p?+s2) = ky /R2 GIAFT (A k%dA (6.50)
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Figure 6.2: The real and imaginary parts of m(ky) for Gaussian correlation function. &
is the correlation length. Because the imaginary of m(ky) is positive, the coherent wave

decays exponentially.

ks [ ) /
= —2—/0 Hy ' (kar)Jo(ry/p? + s?)Re(r)rdr. (6.51)

Particularly, the mass operator m(ky) can is calculated as

inkio? oo 2
m(ky) = —~——52-—-/0 H(gl)(y«l)JO(rl)exp ( - ;%;5) rydry, (6.52)

which is shown in Fig.6.2.

Now, we determine Fy(s), Ao and Cy from (6.49). The coefficient of Fy(s) in (6.49)

s £B(p), Bap) =k — p? + m(ks). (6.53)

Since Fp(s) is an analytic function of s, the right-hand side of (6.49) must vanish when

s = £Lf5(p). This fact and (6.49) yield a matrix equation for Fy(s), Ao and C

has zeros

Fo(s) “i_(s + Bi(p))
D(s,p)- | Ao | = | =ilBa(p) +5i(p)] | (6.54)
Co iBa(p) — Bi(p)]s
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where D(s,p) is a 3 x 3 matrix

[s = Ba(Plls + Balp)] (s — [2’1(1))) (s + Ba(p))eilPoto)=sl
D(s,p) = 0 i8ap) = Au(p)) —ilBa(p) + Ba(p)] e PO
0 *2[,32(]’) + /61(19)] i[3:(p) — Ba(p)]elPo(r) @)
(6.55)
det[D(s,p)] = [s — Boa(p)][s + Ba(p)]A(p)e PPN, (6.56)
Here A(p) is the resonance factor due to the multiple reflection inside the thin film
Alp) = [B2lp) + Bi(P)Balp) + Balp)]e™ 0 |
~[Ba(p) — Bi(P)IBa(p) — Bs(p)]eP @, (6.57)

which is shown in Fig.6.3. Solving (6.54), we obtain the zero order Wiener kernels Fy(s),

Ag and Cy
g = _1Be0) = Bi@NIBAD) + By(ple™ ™ — [By(p) + Bi()][Ba(p) = Bo(p)e

A(p) ' '
(6.58)
4By (p)Ba(p)ePelp)t
Cy = A , (6.59)
" (s) = 2if,(p) s
Fo(s) = 50 Qo) (6.60)
where
Q ( ) B ([ B ( e~isl o 1,32(;1)1 a e—zsl —-'i/jg( ) 661
o) = {1Bep) = PN+ Balp) + g | (600

Clearly, QQo(s,p) and Fy(s) are analytic in the complex s-plane. Since Qo(s,p) is a linear

combination of finite Fourier transforms of e=%2(P)(s=0 " [ () represents the coherent wave

consisting of up and down going waves with ‘dressed’ propagation constant Ba(p).
Substituting (6.60) into (6.46) and using inverse Fourier transform, we determine the

coherent wave within the thin film (0 < z < 1),

(\I’-z(r,w)) = .)_'(.ai_zfle_lfi {[/32 (p) /35(1,)} —iff2(p)(z—1) [BI(P) +[33(p)]eiﬁ“2(p)(z~l)},

(6.62)
where the first term of the right-hand side is a down going wave and the second term is
an up going wave, due to the multiple reflections within the thin film. The coherent wave

decreases exponentially because the imaginary part of the renormalized f;(p) is positive.



6.5  Approximation solution 113

Let us obtain the first order solution. Neglecting the integral term and the right-hand

side in (6.47), we roughly obtain

Kk GA)F(As]s) + G(Ag) Fi(Ay]s)

Fy(Ay, Agls) = ——= '
2(A 1, Azls) 2 kE—(p+Ap+Ap)?— (s+ A+ Ap)?

(6.63)

Substituting this into (6.46) we have

E2—(p+ A= (s+A) +m (\/(p F A2+ (s+ Az)2> ]FI(A|3)
+kyG(A) Fo(s)
N ils+ A~ Bulp+ AL AL (A) |
—i[s 4+ A, + Ba(p + Ay)|e P prha)=A=a)l 0 (7)), (6.64)

From (6.64), we determine Fy(Als), A;(A) and Ci(A). The coeflicient of Fy(Als) in (6.64)
has zeros,

s —A, + Bao(p+ AL). (6.65)

Since Fy(Als) is an analytic function, the right-hand side of (6.64) must be zero when

s = 4f(p + A;). This means that F\(Als), A;(A) and C|(A) satisfy a matrix equation

Fi(Als) Fo(s)
D(s+Aup+A)- | A(A) | =MGA) | B(-A+Bp+A) |- (6.66)
CI(A) FO(_AZ - 62(17 + Ax))

From (6.66), we have the first order Wiener kernels

1.2 _ . —
Ai(A) 'A%%t‘)')' [B2p + As) = Balp + AP Fo(— A, + Ba(p + AL)
HBap + A2) + Bo(p + Ao)le PO R (<A, — Bo(p+ AL))],  (667)
1.2
Cila) = —e ittt SHCL [[4 0 Au) 4 Sl AR —As + Falp+ )
_ KZG(A) [Fo(=A, + Ba(p+ Ay)) — Fo(s) (+)
Fi(Als) = —A(p-i-Ax)[ St A= Bo(p+ AL QM (s+ A,,p+ AL)

 Fal=A. = Bulp + M) - Fals)
3+Az+ﬁ2(P+AT)

+FO(5)QO(3 + Azap + Aa:)jl 9 (669)

Q(_)(S + szp + Aa:)
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where
e—isl _ ifa(p)l

Q(i)(s’l’) = [Bi(p) + Bs(p)]e™™ + [s — Bu(p)][£B2(p) — ﬂs(P)]W,
QW) (s,p) — QU (s,p) = [5 — Ai(p))@ols,p). (6.71)

Clearly, Q&) (s, p) is an analytic function on the complex s-plane. Similarly, we can obtain

equation of Fy(A,A']s),

[k% —(PHAH A —(s+ A +A) +m (\/(p +ALA)? + (s + AL+ A;)z)]

(6.70)

I k:2 1 7
X Fy(A, A'ls) + = (G(A)Fi(A']s) + G(A') Fi(Als))
~ ils+ AL+ A= Bi(p+ A+ A)]A (A, A
~i[s + A, AL+ Ba(p + Ay + A PoHAath)=hemhimall (A, AY), (6.72)

Using a fact that Fy(A,A’|s) is an analytic function of s, we obtain an equation for

Fao(A,A']s), Az(A,A") and Ca(A, AY),

(A, A|s)
D(s+ A, +ALp+ A +A)) - | Ay(AA)
- Cy(A, A
2 GF (A, A]s)
= 2| GR(A AN = A =N+ B(p+ A +AL) | (6.73)

GE(A A = Az = AL = Bap + As + AL))
where we put for simplicity,
GFi(A,AN|s) = G(A)Fi\(A']s) + G(A")Fy(Als). (6.74)
Solving (6.73), we have the second order Wiener kernels
%

AZ(AvA/) = K)A(p n A A ) [[/;2(1) + A:L‘ + A;) - ﬁ3(p + Am + A,x)]

XGEy (A, A = A, = AL+ falp + Mg + AL)) o0+ tA)
FBa(p + Ay + AL) + Balp + Ay + AL)]
GF (A A’ l — A, - /\ - ,BZ(P + A+ A )) ifa(p+Aa+As )’] (6.75)

k3
2A(p+ Ay + AL)
XGFy (AN = A= AL+ Ba(p + As + AL))
+[Aa(p + Aw + AL) = Bulp + A+ AL)]
xGF (AN = Ay = A= Balp + Ao+ AL)) } (6.76)

C‘z(A,AI) — _ie—iﬂa(P+A;r+A1~)l {[52(P+Ax +A;?) +,31(P+Az +A;)]



6.6 Numerical calculation and discussions 115

Using these Wiener kernels, we will calculate statistical properties in the next section.

10 log,, |K:/ A (x, cos@))|

-2 'V\I\/\\,\/\/\/\f/\/\lv'

0 30 60 90 120 150 180

¢ in Degree

Figure 6.3: The resonance factor against ¢ a scatlering angle for the parameters ¢ =
€3 = 1,6 = 2.25, | = 10pum and the incident wavelength 0.6328um. Ripples are caused

by the multiple reflection in the film.

6.6 Numerical calculation and discussions

In the preceding section, we have obtained the zero order, first order and second order
Wiener kernels, in terms of which we can calculate any statistical properties such as
coherent scattering intensities and incoherent scattering cross section. To calculate the
scattering cross section of the second order, however, we must calculate a triple integral.
Here, we calculate the scaltering cross section by only the first order Wiener kernels A;
and C;. We give two examples for the incident wave with wavelength 0.6328um. One is

a case that SiC lies on St substrate and these permittivities are given as

a=1, &=67 =118 o*=10x10""% (6.77)
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Another case is that a glass layer with disorders is placed in air and these permittivities
are given as

a=1, &=225 @=1, o*=10x10"" (6.78)

The scattering cross section a4(¢|f) and o;(¢|6) are illustrated against the scattering
angle ¢ in Figs.6.4-6.7. Fig.6.4 shows the case of S;C' layer with thickness [ = 10um
for several correlation lengths k. When the correlation k is shortened, the incoherent
scattering spreads widely in the angular distribution. Furthermore, we see ripples in
the angular distributions of incoherent scattering and enhanced scattering yield in the
backscattering direction (¢ = 7+ ) and the direction of specular reflection (¢ = 27 — 8).
The incoherent transmission into S; is mainly restricted in ¢. < ¢ < 7 — ¢, where ¢, is

the critical angle given by

¢ = cos™! ( —:—j) = cos™! ( %%) = 41.10°. (6.79)

Fig.6.5 shows the case of correlation length & = 0.1y for several thickness {. When the
thickness is thin (I = 1u), no ripples appear in the air side. However, when the thickness
! is larger than 5u, however, enhanced scattering appears in the backscatfering direction
(¢ = m + 0) and the direction of specular reflection (¢ = 27 — 6). Figs 6.6 and 6.7 show
the case of glass layer, in which ripples and enhanced scattering exist in the incoherent
scattering also.

Let us consider physical reasons for these ripples and enhanced scattering. In (6.67)
and (6.68), A;(A) and Cy(A) are given by a product of the spectrum function G(A), the
resonance factor A(p + A,) and a factor involving Fy(—A, + Bo(p + Az)), respectively.
When the average permittivity & is quite different from ¢; and €3 and when the thickness
! is much larger than the wavelength, the thin film works as a resonator due to the
multiple reflection. This effect is described by the resonance factor k3 /A(ky cos(¢)) that
has ripples against a scattering angle ¢ as shown in Fig.6.3 and causes the ripples in the
angular distribution. On the other hand, the factor involving FO(—Aziﬁg(p+.Az)) implies
four processes of single-scattering, because Fy(s) represents up and down going waves. For
example, up and down going incoherent waves are generated by a single scatterer from up
and down going colierent waves as illustrated in Fig.6.8, where four processes (a)(b)(c)(d)
contribute to the backscattering and processes (e)(f)(g)(h) to the direction of specular
reflection. Because processes (b) and (c) have equal propagation length, the enhanced

backscattering takes place, specially in the case where |G(0)|? < |G(208:(p))|* holds and
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Figure 6.4: The scattering cross section with the parameters | = 10um, ¢, = 1, & =
6.7(SiC), e3 = 11.8 and # = 60° for several correlation lengths x. The incident wavelength
15 0.6328um. When the correlation length « is shortened, the incoherent scattering spreads
in a wide angle area, ripples exist and enhanced scattering yields in the backscattering
¢ = m + 0 and the direction of specular reflection (¢ = 2w — ).
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Figure 6.5: The scattering cross section (SiC) with parameters £ = 0.1p, €& = 6.7, ¢, =1,
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6.6 Numerical calculation and discussions 119

10

==
[
=

T S me
1N N 1Y
“V S N

/ RN

- o(¢l6) in dB

— |
./:

-50
W K=1p
-60
0

30 60 90 120 150 180
¢ in Degree

10

0
1o NN

0 L i\
/A i R R
A \
o A \

180 210 240 270 300 330 360

ob($l8) in dB
>
Il
i

\ -

»

)

ﬁ

:

5

>

=3

¢ in Degree

Figure 6.6: The scattering cross section with the parameters | = 10um, ¢, = e3 = 1,
€& = 2.25 and 0 = 60° for several correlation lengths k. The incident wavelength is
0.6328um. When the correlation length « is shortened, the incoherent scattering spreads
in a wide angle area, ripples exist and enhanced scattering yields in the backscattering
¢ = 7+ 8 and the direction of specular reflection (¢ = 27 — 9).
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processes (a) and (d) become negligible. Similarly, the enhanced scattering in the direction
of specular reflection yields because processes (f) and (g) are equal in the propagation
length. This is a double path effect but differs from known double path effect [91], because
an enhanced scattering appears not only in the backscattering direction but also in the
direction of specular reflection. Fig.6.9 shows the optical theorem against the thickness /.
The coherent power and the incoherent power fluctuate because of the multiple reflection
by the top and bottom surfaces. The difference (energy error) of total scattered power

and the incident power increases with the increase of thickness [.

VA

(a) (b) (c) - (d)

Auighlinhlin. />

() (f) (e) (h)

Figure 6.8: The backscattering processes (a)(b)(c)(d) and the scattering processes
(e)(f)(g)(h) in the direction of specular reflection . Since (b) and (c) have equal propaga-
tion length, the backscattering enhancement may take place. Another enhanced scattering
occurs in the direction of specular reflection, because (f) and (g) are equal in propagation
length.
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6.7 Conclusion

This chapter deals with the scattering of a plane wave from a two-dimensional random
thin film. For a Gaussian random disorder, an approximate solution up to the second
order Wiener kernel is derived explicitly by a probabilistic method. We demonstrate
that the ripples appear in angular distributions of the incoherent scattering. Moreover,
the incoherent scattering is enhanced in the directions of backscattering and specular
reflection. We clarify these phenomena can occur from a combination of ’single-scattering’
by a random medium and multiple reflection between the top and bottle surfaces of the
thin film. Furthermore, it is seen that fluctuation appears in coherent scattering and
incoherent scattering. Such fluctuation is often used for measuring the film thickness [92].

There is a problem that the difference (energy error) between total scattered power
and the incident power increases with the increase of the thickness [. To decrease such an
error, methods of approximation for obtaining Wiener kernels should be studied. This is,

however, left for the future study.



Ch.

6

Scattering from a random medium




Chapter 7
Conclusion

In this thesis, we theoretically analyzed the scattering of plane waves from periodic random
surfaces and random thin films as a random boundary problem of the wave equation. By
means of a stochastic functional approach, we calculated many statistical properties of

the scattering and discussed physical mechanisms of the scattering.

Periodic random surface

We find that periodic random surfaces with the periodic average and periodic correlation
can be formulated mathematically by a periodic stationary process. Making use of the
shift invariance property of a periodic random surface, we find that the scattered wave may
have a stochastic Floquet’s form: a product of a periodic stationary random function and
an exponential phase factor. Then, we write such a periodic stationary random function as
a harmonic series representation, where the harmonic coefficients are mutually correlated
stationary processes. Next, we represent such stationary processes in terms of functional
expansions with unknown kernel functions. Thus, the scattering problem is reduced to
determining these kernel functions, which are represented in the form of vector. In the
case of a slightly rough and small slope surface and a plane wave incidence, we obtain
hierarchical matrix equations of the vector kernel functions from an approximate boundary
condition. Solving the matrix equations, we calculate several statistical properties such
as the coherent scattering, angular distributions of the incoherent scattering and optical
theorem by the use of the kernel functions.

We find some common properties: the periodic random surface works as a periodic
grating for the coherent wave, which is diffracted into discrete directions due to the
periodic nature of the surface; incoherent scattering wave, generated from the coherently
diffracted waves, is scattered into all directions due to the random nature of the surface.

In chapters 2 and 3, we considered the case that the periodic random surface is gen-
erated by a Gaussian sequence. For a TT, plane wave incidence, we see there are ripples

in angular distributions of the incoherent scattering, because of the inference between

125
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incoherent waves generated from the coherently diffracted waves with different orders.
For a TM plane wave incidence, we know that the guided surface waves propagate along
the periodic random surface. When some coherently diffracted waves couple with the
guided surface waves, the well-known Wood’s anomaly is caused. Due to the random
roughness, the guided surface waves are always excited and diffracted again. As a result,
strong anomalous peaks appear in the angular distribution of incoherent scattering. The
anomalous phenomenon which we call the incoherent Wood’s anomalies is independent of
the angle of incidence. But they take place at scattering angles determined by only period
and wavelength. Further, as the guided surface waves are scattered and diffracted again,
we find several enhanced scattering phenomena. They are the enhanced backscattering
and diffracted backscattering enhancement.

In chapter 4, we obtained some new formulas concerning orthogonal functionals of
stochastic binary sequence. These formulas can be used to solve binary random problems
in physics and engineering.

In chapter 5, we applied those new formulas on binary functionals to scattering prob-
lems, where the periodic random surface is deformed by a binary sequence. We made the
discussion on the scattering properties against roughness and height parameters.

Comparing the two cases of periodic random surfaces with binary sequence and with
Gaussian sequence, we find that there are no difference, when statistical quantities are
calculated by only the zero and first order kernel functions; difference may appear if the
second order kernel functions are taken into consideration. However, there are many
difficulties to get the second order kernels for the binary sequence case, because the
equations for kernel functions become quite complex.

In addition, we have not yet considered the case of TM plane incidence; such a case
can be solved by the same stochastic functional theory. In our studies on periodic random
surfaces, we always assume that the surfaces have slight roughness and gentle slope. There
are some open problems to be studied, to which we write some remarks:

(i) The case of relatively large rough surfaces.

To realize localization phenomenon, scattering theory should be perfected. In the
present, however, the research for relatively large rough surfaces has not made progress
in theory though has been studied by numerical calculations. Since Wiener expansion
is essentially polynomial approximation, it seems that the Wiener expansion converges

slowly for the large roughness. However, such convergence problem may disappear for the
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binary functionals, because of its simplicity.

(ii) Approximate problems.

In the approximate calculation of the TM case, we neglected completely the action
of the mass operator. The enhanced backscattering and the diffracted backscattering en-
hancements may become weak if the mass operator is considered. In case of the Gaussian
sequence, the mass operator is possible to calculate but machine calculation needs quite
time. In case of the binary sequence, however, it seems difficult to get the mathematical
expression of the mass operator due to its special structure of the kernel equations. In
addition, for the TM incidence, we studied only the case that the average surface is peri-
odic. When the periodic random surface has a flat average, we have to consider the mass
operator to solve the problem.

These problems will be considered as further study subjects.

Random media

In the case of the homogeneous Gaussian random thin film, we first transform the in-
homogeneous random field in the film area into a homogeneous random field by use of
translation invariance property. Then, we represent the homogeneous random fields in
each area by Wiener expansion. Further, we determine these Wiener kernels by simulta-
neous equations which are obtained from the boundary condition.

In the chapter 6, we dealt with the scattering from the two-dimensional random thin
film with volume disorder. We find the enhanced scattering in the directions of backscat-
tering and specular reflection. Different from other researches, the enhanced scattering is
caused by the combinations of ‘single-scattering’ and multiple reflection inside the film,
rather than multiple-scattering,.

The scattering from the random media which have random island structures is an

interesting problem. We will consider such a problem by the use of the Poisson process.
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Appendix A

Orthogonal functionals of stochastic Gaus-

sian sequence

Here, we summarize several formulae on multi-variate Hermite polynomials and an

orthogonal functional expansion called the Wiener expansion. For mathematical details,

see references [60]-[62].

A.1 Multi-variate Hermite polynomials

We define the multi-variate Hermite polynomial A("as
o 9 0
Ox;, Oz;, Ox;,

RO [a; @iy, 0] = G[x; I}—l(«l)n

1§i17i2,"'7inSN1

G[x; I],

(A.1)

(A.2)

where G[X; I] (T is unit matrix) is multi-variate N-dimensional standard normal distribu-

tion, and x is a large enough vector containing components z;,, ¢;,,- - -, ¢;,. Here, N is a

large enough number for the numbers 1;,42,- -+ ,i,. From (A.2), the lower order Hermite

polynomials can be written by
A =1,
h“)[xz—] = Ty,

h(2)[$ma$n} =Ty Ty — 6’”»”’

3
h( )[il,'m,.’l'",ivk] =T Ty - T — 5m,n$k - 6n,kwm - 5k,m$n~

A higher order polynomial may be obtained by the recurrence formula
h(n) [Lril s Ligs "7y Q:in] = h(n_])[a"il > Ligy "7y xin—l]h(l)[m‘in]

n—1
n=2)[,. . . . T
- § : h( )[a’in Tigs s Ti sy Tiggyy " *° 7:”1"—-1]5(’1’ Zn))
I=1

(n>2).
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Here, to obtain the recurrence formula (A.7), we have used the relations

(‘Ti,, B 5?—*) /L(n—l)[‘fc"l’xh?' o ,;L‘,'"_l] = h(n)[xinxizv T win]a (A8)
and
9 =i, ) (A.9)
(c):l?,' v 'JJ- ‘

Now, we consider an independent Gaussian sequence {¢,(w),n = 0,41,42, .-} with zero

average and orthogonal correlation
(ea(w)) =0, (ex(w)en(w)) = 6(n, m). (A.10)

Then, the Hermite polynomials with the above Gaussian-variables for different orders are

mutually uncorrelated
<h(n)[6i1 3 €igs " Ein]h(m)[fjn Cior ™" ij]> = 5(11, m)é(“)(i,j), (A'll)

which can be proved by the same way as the proof of (4.4). Here, we have dropped w
in (A.11), m and n are any integers, 6" (7, j) is a sum of products of m deltas, of which
concrete representation is given in (4.7). The relation (A.11) indicates that the Hermite
polynomials with Gaussian-variate are orthogonal in the mean sense. Putting n = 0, the

averages of the multi-variate Hermite polynomials satisfy
(heiy, €6, €0,]) = 6(n,0), (A.12)

which are zero for n s 0.

A.2 Orthogonal functional expansion

We regard a sample point w as an infinitely dimensional vector given by a sample sequence
w = ("',(_2,6_1760,61,62,"'), Wy = €4, (A13)

where w; is the i-th component of w. Also, we assume that the sample space {1 is made

up of all sample points. Now, we define a subset of Q as
Qi Jzr - odn) ={w € a; <wj, =¢€j,(w) <b;,, 1=12,---,n} (A.14)

Then, the set of all such subsets becomes an additive class . Because subset Q(j1,72, ", Jn)

has the same probability as the n-dimensional interval

I = {(wj,,wjy,, - wj,) € B";  aj; <wj, = ¢(w) < bj,, i=1,2,---,n}, (A.15)
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these subsets will be measurable sets. By this mean, the sample space §) is a measurable
space. Let ®(w) be a measurable functional on measurable space L%((2) with a finite mean

square

{|@(w)]*) < oo. (A.16)

Then, any a functional ®(w) can be expanded as
Pw)=¢go+ Y, B (m)h WV e,] + > $2(m, n)hP[ep, €n] + - -, (A.17)

which holds in ensemble mean square sense and is often called the Wiener expansion or
the Wiener-It6 expansion. Here, ¢o, ¢1(m), ¢2(m,n), - - - are expansion coefficients called

Wiener kernels which are determined by the orthogonal relation (A.11) as

. . 1
¢m(zlal27“'alm) = ;;T<(I)(w)h(m)[6incizv"'afim}>7 m=0,1,2,---. (A'18)

Here, ¢m (31,2, - -, im) has been assumed to be symmetrical with respect to its arguments.

The Parseval relation is given by

() = S ml 3 flin i)l (A19)

11,82, im =—00

which is convergent by the condition (A.16). Thus, the right hand side of expansion

(A.17) holds in ensemble mean square sense.

A.3 Stationary sequence

A stochastic functional ®(w) is also a random variable. Applying the property (2.8), we

obtain the translation property under shift T,
th(n) [eil (UJ), Ciz(w)a T % N (L«J), 6in(w)]
= h [6i1 (Tw), €,(TwW), - -, &, (Tw), €, (T”w)]

= h{" [6il+q(w)7 6i2+q(w)a T 6,'"_14.,1(60), 6,'"+q(w)], (AQO)

where the shift T is defined in Sec.2.2 and ¢ is any integer. Using (A.17) and (A.20), we
obtain the Wiener expansion for g(7T*w)

U(Tw) = ¢o + i pu(k — q)hWle] + i $o(k — q,0 = )hPfer, €] + -+, (A21)

k=00 k=00
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which is a stationary sequence generated from the Gaussian sequence {¢;}. The average

and the correlation function may be easily calculated by the orthogonal relation (A.11)

(®(w)) = (B(T"w)) = do, (A.22)
(BT @) =l 411 5l — B0
120 SY Go(k—B, - B3k, D)t (A.23)
k,l=—o00

where asterisk means the complex conjugate.
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