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Abstract

It should be expected to construct behavior spaces with a certain period
condition on a Riemann surface of infinite genus, because behavior spaces
play a central role in a formulation of Riemann-Roch’s and Abel’s theorem
on an open Riemann surface. For the construction a sequence of behavior
spaces and a certain weakly convergent space will be used. Systematical
investigation of the structure of its convergent space is carried. Our discourse
treats of some subjects on admissible sequences, complex conjugate behavior
spaces and linear mapping from a subspace of holomorphic differentials to a
subspace of anti-holomorphic differentials.
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1. Introduction

Let A = A(R) be areal Hilbert space which consists of square integrable complex
differentials on a Riemann surface R. Its inner product is given by as follows:

<w,0 >=R(w,0), (w,a)://Rw/\ o

where & is the complex conjugate differential of o, *& is the conjugate differential
of ¢ and R(w, o) means the real part of the complex inner product (w,o). Let
Ap, Ag, and A; be the subspaces of A consisting of harmonic, holomorphic, anti-
holomorphic differentials respectively. For a subspace A, of A, AL denotes the
orthogonal complement of A, in A, and *A, = {*w : w € A,}. Wesay A, a
general behavior space, if AL =i*A, = {i*w:w € A,}. For a sequence of general
behavior spaces {A, }nen, consider the following subspaces:

Ay ={NeA, P\, €A, (neEN)sit. slim A, = A},
Aw={NEN, P TCN, N\ €A (jeJ)st. pwlim ;= A},

) —00

l
A;nu = {Z C; )\2 . )\,L € Abwyci € R},

i=1
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Ao = CI(A}),

where s-lim ), means strong (normed) convergence and Bwlim \; means weak
n—00 J3j—00

and norm bounded convergence (cf. [3]).
We have shown in [3] the following.

Proposition 1.1.
A=Ay @1 A = A B0 A & (A N T " Apyy)

If Ay, N7 *Ay,, can be divided into the spaces of holomorphic differentials and
anti-holomorphic differentials evenly (cf. [3]), a behavior space can be constructed.
We will observe the structure of Ay, N7 *Ay,.

2. Decomposition of sequences and the
coefficients relations

Let us begin to introduce our circumstances and notations. Suppose {A, }nen
is a sequence of general behavior spaces. By the orthogonal decomposition
Ap = A, +i*A,, for each ¢ € A, we can find uniquely A\, (¢) € A, such that

© = A(p) +1"An(0).

Further for A\,,(¢) € A,,, we can find a real number a,,,(¢) and p'(¢) € A, such
that

An() = @mn(@)An () + {1 = amn () }7 " An(9) + 11 (0) = 74" (),
where () is orthogonal to A,(¢) (cf. [3]). Similarly we have
= M(®) — 1 "M\ (®), where A\, (9) € Ay,

Y
An(@) = amn(P) An(@) — {1 — amn (@)} "An(®) + 1 (@) + @ " (@),
where p' () € A,, and p)' () is orthogonal to A, (). For an infinite subsequence
J, if va-alim () = As(p) exists, we say that J is admissible for ¢, and if
j—00

va-alim A (@) = A\j(®) exists, we say that J is admissible for . Then we remarked
j—00

in [3] the following: there exist
Bw-lim i () = () € Ay, and Bw-lim 12/, (@) = 1)(@) € A,
J3j—00 J3j—00

and they are orthogonal to A,(¢) and \,(®) respectively. We have

A (@) = @y (@) An(0) + {1 — azn(@) Vi *Aul@) + 1 () — i *pl (),
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A (@) = am(@) (@) = {1 = asn(@)}i "Ma(@) + 10 (@) + i 115 ().
Furthermore, there exist the limits
lim ay;(p) =a;(p), lim az;(P) = a;(®).

J3j—00 J3j—00

Lemma 2.1.

X ()] = ;aj(w)lls0||2, <i*As(0), As(p) >= ;{1 —as(o)}Hell?,

110) — i (@I = 3 {asle) — 1+ 2asm() — 2asm(@)} el
@I = ;aJ(sz»)HsoH?, <A (@), (@) >= —;{1 —as @)}l

i (@) + i i (@) = ;{aj(w) — 1+ 2a50(%) — 2a50(%)* 2]

Proof.  For simplicity we denote () and A\, () by Ay and A, respectively.
Then we get

. , 1
Ml = dim < hg 0 >= lim aglal® = Saslel®,

1
<1 *)\J,)\J >= lim <1 *)\J,>\n >= Jahm (1 —aJn)H)\nH2 = *(1 —(ZL])”QOHQ,

Jon—o0 2
=i l? = A= "Nl = 2agn = 1)l ]|* = {2a5 = 2+4as, —4(am)* el
Similarly we get the corresponding relations for @. O

Since a sequence with bounded norms contains a weakly convergent subse-
quence, we can choose a subsequence K of J such that

: J N : Jr—\ _ J [(—
swelim () = pi (@), Bw-lim 115, (9) = p ().

Lemma 2.2.
1y () — i *pk(p) = {1 — as(0) HAs(p) —i *As(p)},
1k (@) + i (@) = {1 — as (@) H\ (@) +i*Xs(2)}-
Proof. Note that

pic(p) =i “prc () = w-lim {p15{(0) = "1yl ()}

=Bw-lim [Aj(¢) — am(@) (@) — {1 — asu(@)}i *M(9)]

K>k—o0

= {1 —as(@) HAs () =i " As(0)},
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pic(@) + i " (@) = pw-lim (i (@) + 41 (@)}

= Bwk%ikrgoo[/\‘](@ — a(@)M(P) + {1 — an(®)}i "M (P)]

={1-a;@)HN(®) +i"X;(D)}.

Proposition 2.1.
{as() = 1IAs() + pic(¢) € Aq,
{a,(®) — 13A;(@) + 1% (@) € A
Proof. By Lemma 2.2,
15 (@) + 1 it (9) — 20 * 1t (@) = {1 — as(@) A (@) +i *As(p) — 20 *As(0)}
={1—as(p)}p —2{1 —as(v)}i "As(p).
Hence
2i *[{1 — as(@)}As(0) — prc ()] = {1 —as(@)}o — {ug () +i *pi(p)} € A
Similarly
15 (@) — i e (@) + 20 1 (@) = {1 — as(@) HA (@) — i *As(@) + 20 “As(P)}
={1 —a;®@)}P +2{1 — as(®)}i "\ (D).
Hence
20 *[—{1 = a; (@)} (@) + 1 (@) = {1 — as(@)}p — {x (@) — i *ux (@)} € Aa.
O

Lemma 2.3.

< (). Aa(0) >= {1~ as(@)H2as(0) ~ Bl < i) ¢ >= 0,

1
< k@), A (@) >= —{1 — ay(®) H2as(®) — 1}[2|]*, < pk(®), 7 >=0.
4
Proof. We have

i 1 -
P = lim §Hu;§—z pi|°

J - J - J
<Hio A >= hm <y A= dim 1 K3k—00

_ . 1 2 2 __ 1 2
= dim odas +2a5 = 1= 2(an) Hell” = 5 (1 = as)2as = lle]"
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Similarly we have

< Wk (), 0 >=< (), As(p) +i*Xs(p) >

= dim (< l(@)0s(0) > + < wile) i A(0) >)

= Jim_ (gD = i ()lI*) =0

. 1 .
<Ay >= lim < Ay >= lm (| = Tim Sl ]

1
= lim *{aJ +2a0 — 1= 2(an)*}@l? = (1 — as)(2a; — 1)|2|%,
Sk—oo 4 4

< 1k (@), 9 >=< uK(*) A(@) —1i AJ(@ >

— 1irgoo(||m}’(¢)ll2 - IIMI{(@)IIQ) =

K>k

Consider the following orthogonal decomposition:
() = ager(@)mi () + Ui (9)i " 11 (0) + (@) Me(0) + dier,(0)i " M)

+pger () + 1 vigp (),
{17(@) = 0, (@) i () + biey (D)i 11 (B) + chen () Me(P) + dier,(P)i * ()
Fger (@) + i Vi (@)},

where 11, (0) {1 (®)} and vigy () {vi(#) € Ar} are orthogonal to il () {uil ()}
and \g(¢) {M(®)} respectively.

Abbreviating the symbols (¢) and () in the notations, we have

J sk J
Hrg =t Hi

= (@er—bier) (il =1 i)+ (e — i) e =1 )+ (i — Vi) —1 (10— Vi)
= (1—as))(As—i"As) = (1 —ay)(azm — 1) (A =i ") +2(1 — ag)(ui — 1 1),
{ug + 1 ny
= (@ +bier) (i 0" 1) (e i) N+ M)+ (i + i)+ (i + Vi)
=(1—ay)As+i*X;) = (1—ay)am—1)(Ae+3 *Ae) +2(1—ay) () +i*ug)}.
It follows that

aKk; b =2(1—ay), Ci(k de =1 -as)(2am —1), :uKk: ’/IJ(kn

{afer + bfer, = 2(1 — ay), chy + dfe, = (1 — ag)(age — 1), ey, = Vi }-
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By Lemma 2.1, we have

J . J . </“LLI](7>\k>_ . 2</"Lg7AK>
R N T A = TP E

1 1
= K%lkrgoo i{aJ +2ay, — 1 —2(an)’} = 5(1 —ay)(2a; —1).

We may assume that af = lim aj,, phx = BW-lim pi,, replacing K by its
K>k—o0 K>k—oo
subsequence if necessary. We have the following representation:

bc(e) = lim  biy, = af(p) —2{1 —as(¢)},

K>k—o0

bic(@) = Jim by, = —ax(®) + 2{1 - a,(@)},

K>k—oo

Tle) = Jim_df =~ {1~ as(@)}{20s(p) 1}

_ ) 1 _ _
(@) = Jim = {1 as@H2a(@) - 1}
It follows that

Proposition 2.2.

=1

ik (@)I* = Jax (@)1 = as(@)H{2a, () — el

@7 = Jak @1~ as(@)}{200(7) - DIE

Proof. We have
1
JN2 _ 1 J T < T AN T2 T 192N A2
lprcll” = dim < pie, pp >= | lim_aif|pil|” = axc(3a; —1 = 2a3) ol

|
For vy = Aj(¢) — i *As(p), we have

Proposition 2.3.

An(1h2) = {2a5m(0) — 1 Aa(0) + 205 (), [An(w2)]1> = ;{2%(90) — 1}lell?,

Ak (¥2) = {2a,(p) — 13X () + 2% (9),

Ak (92)[1* = ;{2%7(90) —1}H{2as(p) = 1H2—as ()} +2ax (D){1 —as ()}l oll*.
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Proof. From
Ai(9) =" A s(p) = {2a50(0) = THA(9) =i " Ma(@)} + 2{pn () — i *p ()},
it is clear that
An(W) = {2a1m() = 1} M) + 2010 ().
Hence
An ()12 = {20 () = 13° 4 2{as(¢) + 2a0(¢) = 1 = 2a,.(0)*}|[An(p)|

= (2a(¢) = DIl
Me(tha) = plim \e(iz) = {25(0) — LA (9) + 20 ().

Next
(@) = lim < {2a;(p) = 1}As(p) + 2pic, {2a0() — LPAe() + 2155 (¢0) >
= Jim_[{2a,(0)—Dan(p){20k(0) = 1}+2a5,(0){as () +2a5() ~1-2a5(#)*}

+H2a5(0) =11 {1-as () }4{2a5(0) =1 H{as (¢)+2au(0) —1-2a5(0)") 1M () I

= {2as(p) — 1}[{2as(¢) = 1} = 2az(p){as () = 1} +{2as(p) — 1}{1 —aJ(w)}];H@HQ

= {2as(p) — 1}[{2as(¢) — 1{2 — as(9)} + 2a(9){1 - aj(w)}];llez-

Corollary 2.1.
r .
If a;(p) = 3 it holds 1y = 0.

If as() =1, it holds A (1h2) = A\s(), ax(ih2) =1, and pg (o) = 0.
Proof. For a;(¢) = 3 or a;(p) = 1, by Proposition 2.2,

Iz ()II* = iaé(w){2aj(so) —1H1 = as()}Hell* = 0.

Hence pi(¢) = 0.
If a;(p) = 3, by Proposition 2.3, A,(¢)2) = 0 and ¥y = 0. If ay(p) = 1, by
Lemma 2.1 and Proposition 2.3,

asc () = 2”7@(2?” — (2a5(9) — 112 — asl()} + 20k ()1 —as(p)} = 1.

g
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3. Admissible sequences

For the guarantee of norm bounded weak convergence of every concerned dif-
ferential sequences we choose a certain subsequence of general behavior spaces
{A; }nen. Let us take an orthonormal basis {¢y} of the space A,. Then for k # ¢,

0 =< @k, 00 >=< Au(r) T " Aa(0r), An(0e) +i " An(0r) >= 2 < (1), An(0e) >

and similarly 0 =< A\, (@), A\ (@,) >. At first, take a subsequence J; of N, which
is admissible for ¢, and take a subsequence J; = (nii,nia,n13...) of J;, which
is admissible for ;. Next take a subsequence .J, of .J;, which is admissible for
9, and take a subsequence Jy = (ng1, Moo, noz...) of Jy, which is admissible for
P,. Repeating these process we get subsequences J,, = (N1, Nm2, Mms-..). Let
J = (nq1,n92,n33...). Then for any ¢ = Zaigoi € A, which converges by norm

i=1
sense,

slim M) = plim, 3 adi(e) = B adalen),
where @ = X;(0) +i"A;j(0), A () € Ay, and [|A; ()] < L.

Hence J is admissible for both ¢ and . J is also admissible for both ¢ and @
with respect to the complex conjugate behavior spaces {A, (= {&w: w € A, }) fnen-
For any harmonic differential w we put

An(w) = {An(w+i"w) + A\p(w —i*w)}/2.

Then there exists Bw-lim Aj(w) = Aj(w).

J3j—o00
Let A, and A, denote the notations for the sequence of behavior spaces

{A;};es instead of {A,}nen . Then the complex conjugate spaces A; and Ay,
coincide with those for the sequence of behavior spaces {A;};c;. Now let Q, =
Abw N1 *Abw N Aa, Qa = Abw N1 *Abw N Aa- Then Qa.i’) = {QO S Aa;aJ(go) = 05}
is a subspace of Q, and Q5 = {p € Az;as(p) = 0.5} is a subspace of ;. Set
Quo = QN QL. Qoo = QN QL.

a.5?

Proposition 3.1. When ¢y € Q4 and o # 0 (Pg € Qao and By # 0), s
0(w0) = As(po) — 2900, (0(®0) = As(@0) — 2%00)' Then

(1) 0(@0) € Q&O; 9(%) € Qa07
(2) As(B(p0) = fas(o0) — 3PAs(0) + w0)

A (075)) = {as(F5) — 5} (70) + 113(75),

(3) as(0(0)) = 5as(po) — 2a;(po)* — 2 + 2a7 (o) {1 — as(¢o)},
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a;(0(%0)) = 5as (@) — 2a5(@)* — 2 + 2a7(@o){1 — as (%)},
(4) 8 lim [l (o0

= {3—2a3(0) —2a(p0) Hay (o) +as (o) — {1 —as(20) H2as(20) — 1} 00,
8 Jim [l (o)
= {3—2a3(%0) — 2a, (%) Haj(%0) +as (%) — 1H1 — as (%0) H2as (o) — 1}Hwol*.

Proof. (1) Since A;(vo) € Apy and @ *A (o) = o — As(po) € Apw, we have
Ai(po) € Apw Ni*Ayy,. Take an orthogonal decomposition:

4
/\J((po) = ZQi,Where 01 € an, 92 € Qa_5, 03 € an, and 94 € Qa_5-

i=1
Then

4

2
3 3 1
Yo = )\J(QO()) +1 )\J(QO()) = E (Qz +1 Ql) = E 291 and 91 = 5(,00, 92 =0.

=1 =1

For any ¢ € Q5 we have

< As(po), b >= BV\}—BI}I_I}OO < )\j(<p0),1/_1 >= Bvsg-lim < Nj(@o), Aj () —i "X\ (¢) >

3j—00

=Bw-lim < A;(po), )\j(@) >=BwW-lim < A;(¢o) + 1" Aj(po), Aj(¥) >

J3j—00 J3j—00

. 1~
=BW-lim < g, \; (V) >=< @, A\s (V) >=< o, §¢ >= 0.

J3j—00

It follows 6, = 0 and A (o) = %goo + 05. Hence 0(pg) = 05 € Q0.
(2) By Lemma 2.1, we have

1 1
1811 = 11X (o) II* = [0l = {20 (o) = 1HIeoll*

From
1 1 - % J sk J
03 = Xj(po) — 3P0 = {asi(wo) — 5}{&-(900) — i " Nj(wo) } + 5 (¢o) — 1 "5 (o),
we get

Aj(0s) = {an(ﬁﬂo)—;})\j(%)JrM}](%) and A;(03) = {CLJ(SDO)—;}/\J@PO)JFM(%OO)-

(3) It follows that

As(0s) = {as(vo) —;H%(%)M(%)+{1—an(soo)}i “j(0) + 15 (o) =1 " 11 (0)]
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+a§j(<ﬁ0)ﬂ}‘](%) + [ajj(%) —2{1 — a;(po)})i *M}'](SDO) + Cij(%))\j(@o)
+eg;(00) = {1 = as(w0) H2as;(0) — 13i *A;(po) + 7;(0) + i *p7;(0)

= lass (o) as(00) — 5)-+ el (o)l Ay o) +{as(i0) — 5 +ady (o) s (o) + 13 0)

Hely (o) + 3 — sauen) + aslpo)as(90)}i o)

3 - -
"'{a;j(%) 5 +as(po)}i M}‘](SOO) +1 ij(900)~
On the other hand,

As(03) = ag;(0s);(03) — {1 — ag;(03)}i “X;(03) + p (0s) 4 i * 1 ()

= a5(05) {as3(20) = 3 1hiCo0) + sy (B5)n] (o) + ] (65

{1 a0 sy () = 31" Ay(0) = (1= gy (B5)}i *w] (o) + 4 05)

From both of these,
i (03) = lass o) {as(ip0) — 3} + ylion) — ass(65) s (oo) — 1y (0)

Hasloo) — 5+ ady(00) — a0}l () + 135 0).

By Lemma 2.1,

1
1] (5)]|* = glas(ls) — 1+ 2a;5(6s) — 2a.,;(03)} |65

Note that

NS = 5as 616511 = S (B {2as(o0) — ol

On the other hand, by Lemma 2.3,

1A5(03)]1* = {as(20) ;}ZHAJ(%)H2 + 1{1 —as(00) H2a,(p0) = 1}*[lpol * + 11125 (0)I*

1

= [yasleoas(on) = 51 + 311~ as(o0)H2as(po) — 11

+a3(p0) (1 — as(p0)} (205(p0) — Il

= {25 (00) T Has(00)* — 3as (o0) +3as(00) —2a (00— 1+ (o)~ (o)as (o) Hisol
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Since a;(po) # 3, we have

a;(03) = 5a; (o) — 2a; (o) — 2 + 2a7(0){1 — as(v0)},

1= ay(65) = {3 — 2a,(p0) — 2a3(0) H1 — as(¢0)}-
(4) We have

17 (o) + i (o) = 2[a7; (o) — {1 — as(wo) ] (wo) + 1“1 (00)}

+[2¢7;(¢0) — {1 — as(po) H2au;(wo) — LH{XN; (o) + i *Aj(o)}
+2{p7;(p0) + i *u; (o) }-
Hence

1127 (p0) + @ 13 (o) ||* = 4laz; (o) — {1 = ag (o) H2|l1t; (90) + i1 (00)) I

+[2¢7;(00) — {1 = as (o) H2as5(w0) — 12112 (o) + 7 *Ai(0)II”

4|75 (o) + i " g (00) |2

=2[a%;(vo) — {1 — as(wo)}*{as(wo) — 1 + 2as;(0) — 2a4;(¢0)*}lloll?
+[2¢7;(p0) — {1 — as(wo) H2as5(00) — 1]l1oll* + 8|17, (o) |

= 2{a7(po)—14a, (o) }*{1—a, (o) }{2a,(20) =1} [0l +8 Sdm 7o)l

On the other hand,

17 (0) + " pg(po)lPP = lim < (o) +i (o), 15 (o) +1 4 (20) >

=2 Jim_[a7;(p0) = {1 = as(po) I (po) + "1 (20)]I*]
= {aj(wo) + as(wo) = LH1 — as (o) H2as (o) — 1} 20l|*.
Hence we get

: J 2
8 lim_ ool

= {3—2a3(0) — 2a,(0) Haj(vo) +as(wo) = LH{1 - as(wo) H2as(20) = 1}loll*.

Similarly we can get the statement for g € (5.
OJ

Proposition 3.2. If a non-vanishing ¢y € Qa0 satisfies aj(po) + af(po) # 1,
then o and @1 = 0(0(po)) € Quo are linearly independent, where 0 is given in
Proposition 3.1.
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Proof. If pf(vo) =i *1) (o), by Lemma 2.2

0= wi(po) — i *wi(eo) = 2{1 — as(wo) HAs(w0) — i *As(0)}

and Aj(po) = i *As(po) = %gpo € Qu5. This is a contradiction. Hence 6(pg) =

%{)\J(S@O) —i*As(po)} € Qao does not vanish. Similarly, for this 6(vg) € Qao,
we have p1 = 0{0(p0)} = 3[A{0(0)} + i *As{0(p0)}] # 0. By the assumption
as(o) + aj(po) # 1 and

|17 (o) i * 13 (00)l* = {a7(0) +a(00) = TH1 = as(w0) H2as (o) — 1ol
ur (o) + 1 *pf(po) does not vanish. By Lemma 2.3, we have
0 =< p3(0), po >=< i *p(0),i "o >=< (o) + i *p1(0); po >

and 17 (o) + 1 *u7 (o) is orthogonal to ¢y. Note that
o1 = 0{8(0)} = A {820} — 58(p0) = 580N} + i As{Bl0))]

= 2 Has(eo) = 5HA(0) + i Asloo)} + o) +i (o)

1 1 -
= SHas(wo) = Shoo + 3 (00) + "l (o)l
It follows that g and ¢ are linearly independent.

4. Complex conjugate behavior spaces

We are concerned to a correspondence of holomorphic and anti-holomorphic
differentials in Ay, N7 *Apy, (cf. [3]). We need a view point of complex conjugate.
In previous sections we use the orthogonal decomposition with respect to {A,}
and notations A, a@pn, ., and so on. In this section we treat the orthogonal
decomposition with respect to complex conjugate behavior spaces {A, } and so use

notations X, a’ . u with the symbol “’” . For instance,

© =X (@) +i A (@), X (@) € Ay,

A (#) = A ()AL (9) + {1 = apn (9) 1 "X (0) + (1) () — 7 ()7 ().
Let J be admissible for every holomorphic and anti-holomorphic differentials as in
Section 3. We have

Ni(@) = dp; (@)X () + {1 — aly;(0)Yi *Ni(0) + (1) (@) — i *(1')] (),

where (1/)7(¢) € Aj and (1')7(¢) is orthogonal to N(¢).
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Lemma 4.1.
Ni(0) = X(@)s ap;(#) = ami (@), (W)F(9) = 1 (@)
Proof.  From @ = X(¢) +i*N;(), Nj(p) € A; and X () = \;(@), we have
?) + (1) (@) — i " (W)} (),

)
?) + (1) () + i ()] ().

An(P) = A (¢)

It follows that

Ui (0) = ami (@), ()7 (0) = ' (@)

For o = () +i*N;(¢) = N; (@) + i *N;(¢), we set
1
Air(p) = 5{)‘3(80) + ()} = *{)\J( )+ A (@)} = \r(@),
Xji(p) = {Aff(w) — X)) = { A (@) + A (@)} = (@),
Ni(p) = w; +1i "o, where w;, 05 € A;.
Since \};(p) is a pure imaginary differential, we have
0=< X (¢),i "N () >=<wj+i%0;,i*wj+0; >=2 < w;,0; >,
Nir(@) +i"Nyp(9) = wj + 05 + i "(w; + 05).
Setting 15 = X} (@) + i *N);(¢), we have
Lemma 4.2.
= M(P) +i A (@) + 203, Nj(9) = A (@) +2(w; +i70;).
Proof. Note that
v = X)) + 17 A(0) = {Ar(9) + Agi(@)} + i {Agr(0) + N (0) )
= {XR(0) = Agu(@)} + 1 H{Njr(9) = Nyr(0)} + 2{X5(0) + 17N (0)}
=\ (@) + 1"\ (P) + 293,
Xj(@) = Nir(p) = Xy () + 22X (0) = A (@) + 2(wj + i 705).

Let

BW-lim w; =wy, BWw-lim o0; = 0.
J3j—00 J3j—00

Then

Ni(s) =wj+0j, A\j(¥s) =wy+o0y, Y3s=wy+o0;+1i"(ws+0y).
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Lemma 4.3. For ¢ € A,
Xi(0) = {2a,5(®) = 13A(®) + 2{\;(vs) + 1 ()},
M) = {2a,(®) = 1IN (@) + 2{\s(¥s) + 17(®)}-
Proof. Since
@ =Xj(p) +i7Xi(0) = Njgle) + X () + i {N)R(0) + N ()}
= )\fJR( ) XU( ) + 2>\f]1( ) +1 *{XJR( ) + )‘{H( )}
=\(®) (WJ“‘Z U])+Z (@ )+2(WJ+Z 0])}
=\ () (wj + ;) +1{A(@) + 2(w; + 05)}
= [az;([@)Aj (@) = {1 — a;(@)}i “N (@) + 2(w; + ;)]
X(@) = {1 = az; (@)} “Ni(@) + 2(w; + 0y)] + 2{] () + i *p (9)}

+2
+2

+i *as; (@)
={2a4;(®) — 13X (@) 4 2X;(hs) + 0"[{2a5;(9) — 1}A;(@) + 22, (¥s3)]
+2{p] () +1"uj ()},
we get

Ai(p) = {2a;(®) — 13X;(@) + 2{X; (v3) + 1) (@)},
Ay (@) = {2a;(®) — 1}X (@) + 2{\s(¥3) + pJ (@)}

O
Corollary 4.1. If p € Ay +i*As ice. a;(P) =1, then
As(p) = As(@) + 20, (1ds).
If a;(@) =1, then A\j(p) = 2X;(¢3).
Proof. In these cases p7(®) = 0 and the assertion is clear.
O

By Lemma 4.3, we have
1IN (@ = {2a05(@) = 1IN @) + 4llw; + 05 + 1 (D)7
+4{2a,;(9) — 1} < Xj(@),w; + 05 >,

and

1

5@ @1 —as@Hlel = llwito;+17 @) +{20,5(@) ~1} < X(@), wj+0; >

We also have
Yo = As(p) — i As(p)

= {2a,(®) = 1THA(®@) = i "As(@)} + 2[00 () + 15(@) — i { A (s) + 17 (7)}]
= {2a,(®) = 1} + 2[\s(¢s) + 13(@) — i {As(¥s) + 3 (@) }.
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Lemma 4.4. For € A,
{2a75(0) = 13X (0) = {205 (@) =13 (@) +245 () = 2{2a;(v3) =1}, (vs) +4p] (¥3),
{2a(0) = 13N () {204 (@) =13\ (@) +207(¢) = 2{2a(¥3) =1} (v3) +4p7 (¢3).

Proof. By Lemma 4.3,
2{\s(¥3) — 1" A (¥3)}

= () —{2a,(@) =13\ (@) = 207(@) =i *[As () — {205 (@) = 13\ (D) — 207()]
= As(0) =i "As () — {2a(?) — 138 — 2{p3 (@) — i "3 ()}
= {2a75(p) = BH{Ni(9) =i *Ni(9)} + 2{u] (9) — i "1 ()}
—{2a,(®) = BH{N (@) — N (@)} = 2{p3 (@) — i "3 (®)}
= 2{2%@3) - 1}{>\j (3) —1i A (¥3)} + 4{M]J<¢3) +1 *M}'](%)}

Corollary 4.2.

(1) Fas(e) = 1 and (@) = 1, then As(e)—As() = 220, () — 1A () + 413 ().
(2) fasl) = 1 and ay(2) = 5, then As(p) = 2(2a5(s) — 1}As(s) + 44 ().
(3) Fasle) = 5 and as(7) = 1, then —As(@) = 220 (ds) ~ 1]\ (W) + 4 (03).
(4) Fasle) = 5 and as(7) = 5, then 0= 2{2a,(us) ~ LPAs(s) + ) ().
Proposition 4.1. If a;(¢) =1 and a;(p) = 3, then

as(s) = 1. Isll? = Fels 1) =0, As(es) € Ay, and

0 =< As(13), \s(®) > .

Proof. If a;(®) = 3, then 2);(¥) = @ € Ay, N7 *Ayy,. By Lemma 4.2,

1
2
203 =p =Xj(p) +i " A(p) € Ag+ i Ag, 2X5(03) = As(p) € As.

We can get the statements.
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Proposition 4.2. If a;(¢) = % and a,(@) =1, then

1 3 3
[9al* = Slell?, as(@hs) = 7o 1A Wa)l* = 1 llels llus (sl = %IISDH2

A(@) = M) + 4d), < A (@) M) >= el and

1
lim [ (63)[2 = — ||l
A 5 ()] = Sl

Proof. By Lemma 2.1 and Lemma 4.4,
{2as5(0) = LRI @) + 1 @I + 4l (o)1

=2 < {2a,5(p) = 13Ni(9) + 27 (), A (@) >
= 4{2a,;(103) — 1}2[|A\s ()2 + 16] |17 (w3)|[?

= 4{2a,;(¢s) — 1}2;||1/13||2 +4{as(s) + 2a7;(vs) — 1 = 2a55(s) " HIvs|l*,

and
{4a,(1bs) — 2} |¢sl]* = {2a4;(9)* — 2a,(p) + Lol + 4] (0)[?

—2 < {2as5(p) — 1IX;(0) +2u] (), (@) > .
If ay(p) =5 and a;(@) =1, then ¢ = 2X;(p) € Apy N i *Ayy, is orthogonal to
A (@) € As, and u(p) = 0. By Lemma 4.2, we have

sl * =1l = {As@) +i A @HE = llel "+ [0 @) + [l A @) = 2]l

Since

lim |l (p)l] = lim {as(p) +2a5;(0) — 1 = 2a5;(¢)" Il = 0,

J3j—00 Joj—

{4as () = 2H[s|* = lim_[{2a,5(¢)" = 2a55(0) + L}l + 4l (2)I

~2 < {2a55(¢) ~ IA(0) + 251 (0), 1 (7) ] = Il
It follows that a;(3) = 3. By Corollary 4.2, —A;(®) = As(¥3) + 47 (¢3). From
Ar(¥s) = ag; (W) (s) + {1 — az;(¥s)}i "N (¥s) + 415 (¥s) — " (1)),

we get

3
()l = Tim < As(4hs), Ay (0s) >= Ty (4a)l[ A ()| = 5ol
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Note that by Lemma 4.4,
<A(@)As(s) >= Tim < As(@), Ai(vs) >

= lim <A (@) = Ai(®) + (@), Aj(3) >= Am < (@), Aj(3) >

Joj—00

= lim < {2a;(0) =13 (0)+2u] () —2{2a;(3) — 1IN, (V3) —4p] (3), A (¥3) >

J3j—00

1
= lim —2{2a;(ss3) — LHIN;(vs)|* = —2{2as(¢3) — 1};H¢3H2 = —llell

J3>j—00

By Corollary 4.2,

16]] 7 (¥3)[1* = I=Xs @) =As ()1 = (A @)X ()42 < Ay (@), As(¥3) >

1 3
:(74_

1 2 3 2
9 T6—§)||¢|| _176“%0“’

and

1 1
lim_ |15 ()| = {20 () = 11 = as(s) Hlws|l” = llell”

J3j—

Let us take an orthogonal decomposition of X;(¢p) :
X () = ; + i *6;, where v;, §; € A;.

Proposition 4.3. If a;(¢) = 1 and a,(®) =1, then

. 3 ) 1
lim_ ol = Sellell, Jim oyl = ol

J3j—o00

1
: 12 — 1 12— = 2 — _
A |7 = lim [165]7 = el < As(P), 05 >=0, and

< (@), ws >= —llell
Proof. If a/;(¢) = ay(®) = 1, then X;(p) € A.. Hence we have
0=<MN;(p), i "N)(¢) >=< 7y +i"0;,i "v; +0; >=2 < ;,0; > .
From
N(9) = Ngr(9) = Ayr(9) + 2051 (0) = A (@) + 2(w; + i "0y),
we get

v = @i (@)X (@) + 1] (D) + 2w;, 65 = {a;(®) — 13N (®) + 1] () + 20;.
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From

Ai(@) +i7Ai(p) = ¢ = Nj(p) + 1" Nj(p) = (75 + 0;) + i (75 + 0),
we get \;(¢) =7; + 9;. It follows that

< Xj(@), Xj(p) >=<; + 65,7 +178; >= ||y,

lim < A(0), Ny () >=< M) Ny () >=< 2o, Ny () >

J3j—00 2

1 . 1 1
= 5 < A5(@) +17X5(0): Xi(0) >= SN (@I = Jllell”

Therefore

1 1
. ) 2:7 2 : ) 2: : ) 2 112 — 2
A [l = Jllell®, m 15117 = tim {1 = Il = 11l

1 B - - 1
m |lo|1* = 1 Am 16; — {a;(®) — 13N () — 1) (@)]]* = *IIsDIIQ, and

Aim [l = Tim {1 ()l = oI} = (*—*)||90||2 *6||s0||2-
J—

From

0 =< 75,05 >=< a;;(P)\ (@) + 1] (B) +2wj, {a;(P) — 133 (D) +p5 (p) + 20, >

=< a;(P)N (@) + 1 (@) + 2wj, {as; (@) — BIN(@) + 1] () >

+2 < ag; (@) (@) + 1) (@), 05 >,
we have < \;(@), 0, >= 0. Since

[1511* = llas;(@)X(@) + 1] () + 251

= az;(®@)?|1 @) + 4l|wj]* + 4as;(@) < As(®),w; >
+ < agj (@A (@) + 2wy, 1] (@) >,

we have

1
<M@hws>= (G50 Dllell? =~ Zllel
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Proposition 4.4.  For p € Q,, we have the orthogonal decompositions:
(@) =x1—i"x1+ 6,
where x1 € Ag, 0 € Npyy Ni *Npyy. If ay(p) = % and a;(@) =1, then

1 1 1 1
wi=—=M\@)+zx1+0, o5=—zx1+ zAs(¢) — b,

2 2 2 2
where 01 € Ny Ni*Apy and 01 —i %0y = (0 — i *0)/4
Proof. For ¢ € €, take an orthogonal decomposition:
Ni(p) =x1+1 " x2+ 0, where x1,x2 € Ay and 6 € Ay, N *Agy.
From
e=XN(@)+i* N;(p)=x1+x2+i (x1+x2) + 0470 € Aoy N7 * Aoy,
we have xo = —x1 and N;(p) = x1 — i *x1 + 0. For v € i *A,, we have

<wg,v>= lim (Kwj,v; >+ <w;,v—r;>)=0,

J3>j—00
where v; € ¢ *A; and Jlim |lv — vj|| = 0. Similarly we have < o, >= 0. Hence
3j—00
we can set

wy = X3+ 01, 05 = x4+ 0z where x3, x4 € A; and 01,0 € Ay N "Ny

Then wy+0; = x3+Xa+01+02 = A;(¢3). When a;(p) = 1, we have 17 () = 0 and
by Lemma 4.3, 2)\J(¢3) = Q(WJ —|—O']) = )\J((,O) — )\J(@) Since )\J(QO) € Ay N *Apy
and \;(p) € A,, we have x5+ x4 = —35As(@) and 6; 4 0, = 3A;(¢). Note that by
Lemma 4.2,

Nj(p) =i Nj(p) =201 —i"xa) +60 —i "0

=@ +2{ws+i*os} —i*"(Nj(®) +2{ws +1i%0;)}

=X(®) =i A\ (®) +2{ws — 05— i (ws —0,)}

= M) = 2X5(¥3) — i {As(p) = 2X5(¥3)} +2{ws — 05 —i " (wy —04)}
=y —4do;+4i0; =Yy —4(xa — 1 xa + 02 — i 70s).

Since a,(p) = 3, we have ¢, = 0. Therefore we get x4 = —x1/2,
— Oy 4100y = (0 —1i7%0)/4, x3 = %{_)\ﬂ@ +x1}, and 61 —i*0; = (0 — i *0)/4.
Il
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Lemma 4.5. If a;(¢) = 5 and a;(p) =1, then

1
<x1A(@) >= 0, Zlball* + [16:[]° = [lolP,

1

. 3 .
ws|P+ < wy,ioy >= T6HSO|!2, and ||o|*+ < 0y, w; >= EHS@HZ-

Proof. By Proposition 4.3, we have

1 1 1
—1H90||2 =< wy, \(P) >=< —5)\J(¢) + X1 + 01, 2,(®) >

1 1
= —ZHSOH%F <gxit 01, \;(@) > .

Since N (p) € A, we get

1 1 1
0=< §X1+81,)\J<¢) >= 5 < Xl,/\J(¢> >+ < 91,)\&(@) >= 5 < Xl,)\‘](ﬁ) > .
By Proposition 4.4, we have
1 1 1 1
2 (12 2 2 2 2
— —||\ - 0,|1? = = - 011"
sl = ZIA@IZ + I + 6l = Sl + gl + 1l

Note that

’|C¢)J||2+ <wyg,ifoy>=<wj,ws+1iT0;>=< wJ,/\i” >=lim <wj7>‘i]I >
Jo>j—00

= lim <wjwj+i%0;>= lim <wjw; >= i||gp|’2 and
J3j—00 J3j—00 16

los|P+ < 0y,i wy >=<0y,i w;+ 05 >=<0,,i*N;; >

= lim <oj,i*w;+0;>= lim <oj,0; >= ngpHQ
JBj—>OO 7 J J JBJ—K)O VR 16 .

It follows that

1 1
[losll = Tloll* + Sllell” and 2 [Dall® + 1104l = floy [

Proposition 4.5. If a;(p) = 5 and a;(p) = 1, then
il + < 61,0 >= cllell”, < 0,070 >=4<01,i"0 >=2[xa|", and

16 —i*011* = llell* — 8llxall.
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Proof. By Proposition 4.2,

A (@) = =As(3) — 4p(Ws), As(vs) = wy+ 0y,

and by Corollary 4.1,

Ai(@) = Xi(@) + 205 (1hs) = As(1hs) — Ay (¥3).
By Lemmas 4.2, 4.5 and Propositions 4.3, 4.4,

— - 1 3 1
< wi, Xy () =< ws M) + 2 +°03) >= (= + Dl = Sl

1 1 . 1
=< —5)\J(¢) + JX1 +0,x1—t"x1+0>= 5“)(1“2"‘ < 01,0 >.

Since i *N;(p) € i *A,, we have, by Proposition 4.4,

. 1. 1 . .
0=<wysi*N;(¢) >=< —§AJ(¢)+§X1+91,Z X1 —Xx1+i°0>

1 -
= _§HX1H2+ < 0,070 > .

It follows that
-k 1 2 2 1 .k -k 1 -k 2
<O01,0 =170 >=—|lol" = IxillF =z <01 —i%01,0 —i "0 >= |0 — i "0||%,
8 2 8
and
0=<XN,(¢), i " N;(p) >=<x1 —i*x1+0,i"x1—x1+1i70>

= 21+ < 6,i*0 > .

5. Linear mappings between (), and ();

We can construct a behavior space if the dimensions of €2, and 2; are same (cf.
[3]). So we consider certain linear mappings between €2, and €;. Let Q,_ = Q,5N
(As+i*Ay), {Qa = Qas N (As+7 Ay}, Qur = Qs N, {Qar = Qas NQL ),
Qus = Loy + Q0 and {Qa5 = Qar + Q5 . We define a real linear mapping F' from
Qo = Qoo+ Qar + Qo to Qg = Qao + Qg + Q5 as follows; for ¢ € €, take the
orthogonal decomposition ¢ = g+ @1 + ¢— (Yo € Quo, P+ € Lot and p_ € Q,_),
and put

F(p) = As(po) =i "As(po) + P(@5) + P(X;(0-)) =i "P(X;(e-)),
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where P(py) and P(N,(p_)) are the orthogonal projections of g and X;(¢_) to
Ay M@ *Ayy, respectively. Since Aj(@o) € Apw, wWe have i *Aj(po) = wo — As(po) €
Ay, )\J((,O()) € 1*Ay, and )\J((,OO) € Ay Ni*Ap,. Set )\J((,Oo) = 0y and then
Oy — 10y € Q. Let us take the orthogonal decomposition oy = ¢s + 7 *p3 + 0,
where @9, w3 € Ay and 0, € Ay, N *Ayy. Then o 41 *p3+0, = —1 "o —p3—1%0 1
and @3 = —9, P(py) =0, = —i*0, € Q5. Hence

D1 = o — iy + 04, where ps € Ag and 0 € Ay Ni *Apy,.

Let 5 = wa—1i *pg, then w5 = A\, (¢5) =1 *A\n(9s), as(ps) = 1. From the orthogonal
decomposition X;(p_) = x_+i*x"_+60_, where x_, X" € Ag and 0_ € Ap,,Ni *Apy,
we have 0_ = P(N;(p_)), 60— —i*0_ € Q;, and
o =N )+ N (po) = xo X+ (o X)) 0400 € Npy N * Ay,
Hence X' = —x—, p— =0_+i*0_, and N,;(p_) = x— — ¢ *x_ + 0_. Therefore
F(o)=0p—i"0g+0,+6_—i*0_.

Take an orthogonal decomposition :
6
9* = Ze*j,where 6*1 € an, ‘9*2 € Qa+7 9*3 € Qa,, 9*4 € an, 6*5 S Qa+7
j=1

O.6 € 25— and * denotes 0 or + or —. From

6 3
0o ="0041%00 =" (0o; +1i"6y;) =2 6o; € Lo,

j=1 j=1

we have 0y; = %gpo, Oo2 = 0oz = 0. Since 6, is anti-holomorphic, 0,1 = 0,5, =0,5 =
0. From
6

pr=T+i'P+) 0.,
i=4
we get
2 2 % 2
I+ 1I” = 2ll02]1* + D 110+
i=4
On the other hand, we have the following representation:
046 = w6 + 1 *pg, where g € A,
and

5
or—ps—i P =P+ 1 P+ > O
i—4
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Hence,
5
2 2 2 2
lo1” + 2llgsl* = 2llo2ll* + > 11041".
i=4
This shows 0,6 = 0. From
6

3
Y- = 0_ +1 0_ = Z(G,j +1 *Q,J’) = 226*]’ € Qa,,

=1 j=1
we have 0_3 = %go,, 0_1 =60_5=0. By Proposition 3.1, we have

Proposition 5.1.

6
F((,O) = 2904 + 9+4 + 9+5 + 2 ZH*J
j=4

Proposition 5.2. F' is injective on Qg and 2,1 respectively.

Proof. When A (o) — i *As(¢o) = 0, we have

As(po) = 1" As(po) and o = As(@o) 4+ “A(po) = 2X5(0).

Hence ¢y € Q.5 and pg = 0. When 6, = 0, by definition ¢, € Q_ N Q,,. Hence
¢4 = 0.

O

We define a real linear mapping G from 5 to €, as follows; for ¢ € ; take the

orthogonal decomposition ¢ = 1y + 1), +1_, where 1y € Qa0, 4 € Qay, V- € Qg
and put

G(¥) = As(o) +i " As(o) + P(vhs) + PN (1)) + 1 "P(N; (1)),

where P(¢,) and P(XN,(1)_)) are the orthogonal projection of by and X;(¢_) to
Mgy M * Ay, Tespectively. Since Aj(thy) € Apy, We have i *Aj(vo) = =1+ As(th) €

Apw, Nj(0) € i*Apy and Aj(g) € Apy Ni*Apy. Set Aj(10g) = 1o and then
Mo + ¢ *ng € (. Let us take the orthogonal decomposition:

Uy =Py + i s + 14, where P, by € Ay and 1y € Ayy Ni *Apy.

Then s + i *b3 + 1y =i *Po + 3 + i*ny and 3 = o, P(Yy) =0y =iy € Q.
Hence

1[7. = )y + iy + 14, where 1y € Ay and 174 € Ay N *Apy.
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Let 15 = by +i *thy, then 15 = A\, (¥5)+i M\ (¥5), as(1s) = 1. From the orthogonal

decomposition \;(¢_) = k_+i*x" +n_, where k_, k' € Ay, and 17 € Ay, Ni *Apy,
we have n_ = P(N;(¢¥_)), n— +1i*n- € Q,, and

Vo =N ) =N, () =k — K i (ke — K ) s =i € Ny N Ay

Hence k' =k_, ¥ =n_ —i*n_, and

Ny() = ko +i ke +n-, G) =no 40 no+n4p +n- + i *n_.

Take an orthogonal decomposition :

6
Ny = 277*3‘, where 7,1 € Q40, M2 € Qag, Mu3 € Loy Nia € Qao, Mus € Qay,
j=1

Ny € 25— and * denotes 0 or + or —. Then by the same way as in F'(¢) we have

Proposition 5.3.

3

G(p) = 2101 + 131 + 12+ 2 Z N—j-
j=1

Proposition 5.4. G s injective on Q9 and 54 respectively.
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