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Abstract

In this paper we are concerned with the change of function-theoretic quantities
as a surface deforms in a space. A surface in the Euclidian space is regarded as a
Riemann surface by the isothermal coordinate. Hence the movement of the surface
in the space shall bring a change of conformal structure. So our aim is to represent
variational formulas for some function-theoretic quantities in terms of displacement
of the surface.
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1. Introduction

Let S be an orientable 2 dimensional C®-manifold with Riemannian metric:

ds? = Edu?® + 2Fdudv + Gdv2
We can obtain an isothermal coordinate by the solution = £ +i7n of the following
Beltrami’s differential equation?;

g—\%=u%(v— (ﬂz%—%%’ J =VEG—F% w = u+iv)
The first fundamental form is written as ds?= A (d€2+d»n?). By this isothermal co-
ordinate a conformal structure on S is introduced and S can be regarded as a
Riemann surface.

Now let a surface S be in a space and move with a parameter t as follows; every

point p = p(u,v) of S in a local parametric neighborhood G moves to

p. = p.(u,v) = p(u,v) + Zci(t;u,v)elu,v),
where ¢ = e;(u,v) and e; = e;(u,v) are unit tangent vectors orthogonal to each other,
and e; = e3(u,v) is the unit normal vector, and c'(t;u,v) have at least continuous
second partial derivatives with respect to t, u, v. We assume that these {p;} form a
C3-manifold S, with the first fundamental form:
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ds? = E,du? + 2F,dudv + G,dv?,
where E;, F,, G; have continuous second partial derivatives with respect to t, u, v.
The S; becomes a Riemann surface by the isothermal coordinate given from ds,. The
mapping f.(p) = p, can be regarded as a quasiconformal mapping from S to S,. We
get a quasiconformal deformation {S;}. Under a quasiconformal deformation we have
already given variational formulas of some function-theoretic quantities™ ® 7,
Function theoretic quantities on S, are often represented by the inner products of the
following form: _

A(t)=Re(g*f,— 0% ¢%s,
where ¢, ¢*are meromorphic differentials with certain kind of boundary behavior®.
The first and second variational formulas of A(t) are given as follows:

Theorem A. ([5])

(1) FAW lmg=Reiff 59140 L

, 2.
(2) 57 AW li=p=Reil2f[s0 07 97 9% + [[4%n g0 32},

where v is the Beltrami differential of f, and
t, £ A0 t, £ __ A0
¢,t0.0 = 1 {tim 9 fim & +i*(lim S fi— P )},
2 t-0 t t-0 t
According to this theorem, we will calculate the wvariational formulas in

above-mentioned circumstances.

2. Beltrami Coefficients

We will represent the Beltrami differential of f, in terms of the fundamental
forms. The Beltrami coefficient v (t,) of f, is
b (t)= 2y _ ZyWrtZyWg
’ Z( ZWW( +Z‘7,,V_V;
where Z = X + iY = f,(w) is the isothermal coordinate of S,.

From

1=¢ =Cowe+ CaWp, 0= (= W+ CaWe
we get

W= TR Ve TR

|Cw|2_ ,Cwlz’ |Cwl - |é’wl

Let

IACRES ?: : igj: _T_ (G}g , (Jv = VEG:—F:?),
then

Za= u(t,)Zw.
We obtain
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Lol (6,)— 1)

t,) = = ~ — .
0 () (o=t u)
Hence the first and second derivatives of the Beltrami coefficient v (t,) are obtained
as follows:
p.= 90t _ -1 pel® ou(t,)
ot Col—uGtdw)? a8t
2
U= LAUACY %EEJ
_ _Ga=-1el® - N0 (t,) au(t N
C_w(l—ﬂ(t,)ﬁ)a {A=u)uw)—F5 7+ 5 t2 +21 ( D4
Here
0 _
Bt w(t, )=

(Ft_l(Jt_Gt)>(Ft_i(Jt+Gt)>_(Ft_i(Jt_Gt>>(Ft_i(jt'l'ét))
(Fi—i(Je +Gp)?

JiGi — Gede Hi(F G — GFy)

(Fe—i(Ji+Gp)? ’
0%t y=2 J:Gi — Gt +1(FiGi— Gel'y)
o2 4 (Fo—i(J+Go))?

4 (J:Gi—Gid e HFGr — GiFD)) (Fe—i(Je+Go)
(Fy—i(Je+Gp)?3

=2

where we denote the notation of —0 by <

FTIRANI-TY
3. The Fundamental Forms of the Surface S,

In order to calculate the derivatives of E;, Fi, G¢, we recall the differential geometric

framework ¥ ©. Let write

du

vaga;p(u,v) = ale;(u,v) + aley(u,v),

and set
6'=aidu+ajdv (i=1,2), 8%=0.
Then
dp = Ole = ? 6le; (we use Einstein’s notation).
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Let
de; = wlej= L wle; (w]=gidu+hidv),
]

where w;=0, w

Then the first and the second fundamental forms are represented as follows:

I = Edu? + 2Fdudv + Gdv’=dpdp=616!+ 9262
: : :
='§1(ai)2du2 + 2§1(ai)(a’2)dudv + El(aé)zdvf*,

II = Ldu® + 2Mdudv + Ndv?= —dpdes=— O¥e,w ie; = b; 6101
=(aldu + ajdv)(gddu + hidv)
=aigddu? + (aih?+ ajgddudv + ajhidv?

1,1
_|aias _ | bubn _|LM| _,
A [a%a%] , B [bZI bzzi| , S |:M N ABA,

J=+VEG-F2 =alal—alal=detA>0.
Then the Gaussian curvature K and the Mean curvature H are denoted by
_ . _ LN — M?
K =kiks =detB = —EG_‘_ 2
EN + GL — 2FM
2(EG — F?) ’

H= %(kl + ko) = %traceB =

where kj and ks are principal curvatures.
Now let calculate these on S;. Write
dp, = (01 + ol + dd wl)e
where oi=dc = cldu + cidv.
Then 3 )
I, = Edu? + 2F.dudv + G.dv? = dp.dp; = igl(ei + oi+cdw;)?

= El {tai+ cl+ clghdu + (aj+ ¢} + c’hdv}2

Hence 3
E. = .)31 (al +cl+cig)?,
2
F, = iél (aj+cy+clgPdlay+c,+ c’h)),
3 . . N
Ge= X (aj+ci+c’h)2

—

-

It follows that
E. =22 (aj+cl+clgD @+ ekgl),
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. 3 - . - . . ° . - . . . P . .
Fo=2 (ai+cy+clghley + ¢*hp+(ah+ i+ cthi) (el + ¢kgl),
. 3 . . Cel s kL
G = 22 (ag+ ¢y + c’h}) (e} + ¢khy),

Et—2§ {(ai+ch+cighei+ckgi)+(L +¢lgh?,
Ft—g {(aj+cl+cigh(ei+ckni)
+(a2+cv+c’hj)(cu+c gy)+2(ci+ ¢elgh el + ckhi)y,
G, = 221 {tag+ ch + cThD (@ + ckhi) + (i + ¢¥hi)?.
We have .
k=22 01+ oi+dod(e + ek w))

EthQ + 22 FthdV + 2 thV

[

w ||Mw

2 . .- . . . . . . .
;tz It—ZZ (0 + o+ dwd(oi+ctw)+(ol+cFwi)?

....
Il pgee
—

. . 3 .
E.du? + 2;1 Fidudv + £ Gidv?,

where 01+ &K wi=(l+ tlghdu + (&) + &¥h))dv.
Assume that ¢'(0;u,v) =0, ¢l (0;u,v) = ci(0;u,v) =0. Then at t = 0,
abbreviating 0 in the notation for the convenience,

s 3
E = 2 (a2 F =2 (ah(@d), G =2z (a})?,
E = X aj Pl +ckgl),

Lo
Ile'—‘

o=

T Mes

. {(ai @i+ ¢khi)+ al (el + ckgidl,

i 3
G = Zag(c + ¢ckhi),

i _ EG+BG - o2FF
2d ’
. 3
E=2% {(aj (el + ckgi)+(cl+ ¢igh?,
3 3 LU ) k3 - P 3 .
F =2 (aj(cy+ckhp+ajle) + cgp)

i=1

+2(¢y + ¢lgh (el + ¢*h)},

G =22 {(aj(cy +c*hp)+ (&, + ¢*h)%,

107
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__EG+2EG +EG —2(F2 + FF) J?

J 5] J

Now we can choose u + iv to be an isothermal coordinate of S beforehand. So
assume that a}=a% =a, al=a}=0and E=G=J=a?, F=0. Then 6! = aduy,
62 = adv. We have

Ldu? + 2Mdudv + Ndv?
=adu(g?du + h$¥dv) +adv(gddu + hidv),

and
agl =1, ah] =N, ath} + g})=2M.

From
0= ddp = d(@iei) = (d@i)ei — B de;
=(ag} —ay)(durdv)e; +(a, — ah?)(durdv)e;

—ath?—gd)(durdv)es

we obtain
ag} = ay, a, = ahi, h} = g}

Therefore L M
gi=—et=2,el=-eb=7 el=-el= 73,
hi=-hi= 2 ni=-ni=" nj=-n3=1%

Above all, we can rewrite again as follows:

B = 2(acl + et —L&Y),
F =a(l+¢l)—(ayél+ a2+ 2Me?),
G = 2(ac + a, ¢! —N¢é&?),
E+G
2
=a(cl+c)+(ael+a,c?— (L+N)e®),

Jj =

B = 2(acl + aye? ~L&%) +a—22 (el + a,62 —Lé&%)?
+(aél —a, ¢l —ME®)? + (acd + Lé!' +Mé2)?,
F = (acl+ac?—a,c?2—a,ct—2Mec?)
+ 2 (el + 2,82 - Lé¥)(adh — aue? ~MEY)
+(ac? —a,ct—Me3)(ac? + a, ¢t —Né?)
+(acd + Ler +Me?)(aed + Mt +Ne?)},

G =2(a2 + a,a! —N&?) +a—22 ((adl — 2,62 —Mé?)?
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+(ac? + a,c! —Ne¥)2 + (acd + Mc!+Ne?)2,
J = i; {a?E + 2EG + a2G — 2F2 — 243

E+G  4F2+@E - G)?
2 4a® :

4, The Derivatives of Beltrami’s Coefficient

Substituting the results in the previous section, we obtain the first derivatives of
w(t,):
JG —GJ +i(FG —GF)
(F-i(J+@G))?

p=2

- %{2(&16%-&- atl —N&®) —a(el +62)
—(ae! +a,c? —(L+N) ¢
—i(a(el + 1)~ (ay &l + ayé? + 2MES)))
= ;falz{aé%, —acl +a,ct—ac?+ L-N)e?
—i(a(c?+ ¢l) —(ayel + agc?+ 2Me3))}.
Thus we have the following
Lemma 1.
.1 ¢! ¢t ., el ¢! ¢? o
u= 7 {(E>u_ (E)v“" l((E)u_*_ (a )v)+ ag((N L) ZZM)}
WY )
In particular, if N = L, M =0 and % + i% is holomorphic, then u vanishes.
Next let calculate the second derivative of p:

. 2
“f F-iJ+Q)

—2(JG —GJ +i(FG —GFE ) F —i(d + G}

3 {(JG —GI+i(FG —GF)(F—-i(J+G))

= 4;16 {—2ia(G —J—iF) —2a%(G —J =iF)(F —i(J +G))}
= o (—atf 42 J — ia2G —ati— (F 1+ G2-JD)).

Here
a’F —2F J = a?(acl + ac? — ayc?—a,c! —2Mc?)
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Note that

We have
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+2{(a¢y, +a,¢? — Le¥)(act —a,é? — Mé?)
+(ac? —a,c'— Mé?)(ac? +a,é! — Né3)
+(aéd +Let + Me?)(aed +Me! + Né2))
—2{a(c? +cl)—(a,c! +a,¢2 + 2ME3))
X{a(el +¢2)+asct +a,¢? —(L+N)&3)
=a?(acl + ac? —a,c?—a,c!—2Mc?)
—2 [(L+N)M(H?— {L(ac? —a,¢!)+ N(acl —a,é2)
+ M(acl +ac?+ayc! +a,c?)}és
+ (ac? +a,eD(act —a,eH+(act +a, e @c? —a,éh)
— (Lt +Me?)(Me! +Ne?) — acd (Me! +Né?)
— 8t (Lol A MeD) — a2e363 ],

alG—a?Jd —(F2+ G2—J2

) L Y e
G BTG AR HE -G

2 4
Bog | B2-2
— a2
a 2 + 7 .
E-G
2

—(adl +a,el—La%)+ aiz ((aél +a,62—L&%)?
+(ac? —ayc!'—MeD? + (acd +Lel+MéD?)
~(aé% +a,8! ~NEH— = ((aé), —a, 67— M&?)?

+(ac? +a,c!—NeH2 + (ae? +Mel+Ned?
=a(cl —c2)+a,c?—aet—(L—N)¢3

+ = [(L2 = ND(ED? + 2(M(ad} —adl+a,é! —a,69)

—L(acl +a,¢®) + N(ac? +a,eD)¢8
+al{@P?+ €52~ @D?— D2+ 92— 3y
+2a{a, (¢L¢? — ¢2el)+a,(61e? —¢2el))
+2a{c3 (Le! + Me?)—¢ed (Me! + Ne?)}

+ ((ap? — (@D ((EH+(eHD
+ (L2 -MBH(EH2+ (M2 - ND(eD? + 2M(L— N)¢lé,

Ez__ Gz
2
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=2 [(L2 = ND(&¥? - 2{L(ac} +a, D) —N(ac? +a,eH)e?
—a?{(c?)? - (cD¥ —2afa,cict —a,cle?)
—(aw? (eH+(a?(eH.
Hence
a?(J —G)+F2+ G2—-J2)
=a’(¢l —¢?)+a%(a,c?i—a,c!)—a?(L—N)¢?
— (L2 — N®(¢®H2 +2{M(acl —ac? +a,cl—a,c?d
+L(acl +a,¢? — N(ac? +a,cD}e?
+a?{—(cD?— E@ED2+ D2+ €22+ (D) - 3y
+2a{a,(clc?+¢lel)—a, (el e+ c2el))
+2a{Ledcet — Nede? +M(e3e? —edel))
+ ((a? + (@) ((eH?=(HY
+(L2 - MH(eH2+ M2 — NH(eH? + 2M(L— N) ¢le?.
Thus we obtain
224 = (a®(J -G+ @2+ G2 —JD +i(a?F —2F J)
=ad(cl —c¢?)+a%(a,c?—a,c)—a?(L—-N)c?
— (L2 = N®(eH2 +2{M(acl —ac? +a,cl—a,c?d
+L(acl +a,¢?) — N(ac? +a,ch}ed
+al{—(E)D?— @D+ €D+ @D+ (D - DY
+2afa,(¢Le? 4+ ¢2el)—a, (cle? + c2el))
+2a{Léd et — Nede? +M(e3e? —¢e3el))
+ ((aw? + (@D (eH?—(HY)
+ (L2 — MH)(eH2+ (M2 — ND(eH2+ 2M(L— N)¢le?
+i{a?(ac! +ac? —a,c? —a, ¢! —2Mc?)
—2 [(L + NOM(&®? — {L(ac? —a,cD+N(act —a,¢?
+M(acl +ac? +a,cl+a, e}l
+(ac? +ayeD(act —acH) +(acl +a,c?(ac? —a,ch)
—(Le! + Me?)Me! +Ne?) —acd (Me! +Né?)
—acd (Let + Me2)—a?edcd])
=ad(¢l —e2 +itet +¢e2))
—a?(a,ct —ay,ci+ila,c?+ayct)
—a? (L—N+2iM) ¢?
—(L+N)(L—N+2iM) (¢?)?
+2{M(act —ac? +a,cl—a,c?+i(act +ac? +a,cl+a,c?d
+L(acl +a,c?+i(act —a,c))) —N(ac? +a,ct —i(acl, —a,c®)}c?
—a?{(eD? — (D2 + 2iclel+ (€12 —(c2)? +2icte?
— (€D + (€D —2ieicl)
+2afa, (¢l e? +cle! —i(elel —e2ed)
—ay(cle?+ elet —i(ele! — e}
+2a{L (% +ic3) et +iN(e3 + ic3)e?
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+iM (3 + ie3) (et - ieD))

+((aW)? + (@D UeH2- (D2 +2ic e

+(L2 — M2+2iLM) (¢)? +(M? — N2+2iMN) (&%)?
+2(ML—-N)+i(LN+M?))¢le?,

Put this in order and we have the following

Lemma 2.

i = 5y [ (G182 + i+ 2)

—a?(et+ie®)(a,+iay)
—a?(L—N+2iM) ¢*— (L+N)(L—N+2iM) (¢3)?
+2{iM(alcl +ic2 —i(el +ic2)) + (ay—iay) (&1 +ieD)
+L(a(el+ie?) —ia, (1 +ie®)) +iN(a (el +ie?) +ia, (e +icd)} &2
—a?{(¢l+ic?)? + (el +ic?)? —(e3+ie%)
+2a{ —ia, (¢ + ie2) (¢ +ie?)

+ia, (¢! +ic?)(c1+ied)
+2a{L(c3+ic?) ¢! +iN(@ES + icd)e?

+IM((ES + ied) @' —iedhy
+((a? +(a)d) (c+ic?)?
+(L+iMD)? (e D2 +(M+iN)2(¢e?)?2
+2(M(L—N)+i(LN+M?))¢'c?).

In particular, if ¢! = ¢ = 0, then

i = 5k [t i) — (L-N+ 2D (e + (L N (D],

6. Variational Formulas

By Lemma 1 and 2 we have
Proposition.

v _ 1y o2 cly  9¢® c?
ot It:o_Z{auﬁt (ﬁ) dv ot (ﬁ)
2 2 2 1 _ : 3N
+i[ 5oar O e )] 7 50 4

If ¢! = ¢ =0, then

0%y _ 1 023 . 93 N oo 023
o7 l=0=3 {J(auat %00t ) —J@-N+2in BT
. 8 cN\2) dw
—(L+N)(L—N+2LM)(6—t) }—dw .
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Applying this proposition to theorem A, we obtain the following
Theorem. If ¢! = ¢? = 0 and L = N, M = 0, then

Qv _, 0fv, 1(6‘203 4 ;0% )25

ot 70T g2 0 97\ puot avat / dw
and

d

EA(t) lt=0 =0,

d2 _ . 1 a 203 . 6203 2 0 0 dw
AW o= Reilfo 55 (Go57 + igoar ) #79" g-
When the surface deforms to the normal direction in the part G contained in a

plane or spherical surface, the state of variation of function theoretic quantities
depends on the sign of

] 1 623 ) 623 2 d
Reiffo 55 (Guar * i Bvor) ™ ¢ Gy -
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