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LETTER

Diffraction Amplitudes from Periodic Neumann Surface:
Low Grazing Limit of Incidence

Junichi NAKAYAMA†a), Kazuhiro HATTORI†, and Yasuhiko TAMURA†, Members

SUMMARY This paper deals with the diffraction of TM plane wave by
a perfectly conductive periodic surface. Applying the Rayleigh hypothesis,
a linear equation system determining the diffraction amplitudes is derived.
The linear equation is formally solved by Cramer’s formula. It is then
found that, when the angle of incidence becomes a low grazing limit, the
amplitude of the specular reflection becomes −1 and any other diffraction
amplitudes vanish for any perfectly conductive periodic surfaces with small
roughness and gentle slope.
key words: wave diffraction, TM wave, periodic grating, perfectly conduc-
tive surface, diffraction amplitudes

1. Introduction

When a plane wave is incident on a flat surface, the reflec-
tion takes place. For any angle of incidence, the reflection
coefficient is −1 in case of the Dirichlet surface but becomes
1 in case of Neumann surface. In case of the Neumann
rough surface, however, several approximate theories show
that the reflection coefficient changes its sign and becomes
−1 at a low grazing limit of incidence with θi → 0 or π
(See Fig. 1). Here, by the Dirichlet and Neumann surfaces,
we mean the perfectly conductive surface for TE and TM
waves, respectively. Such a behavior of the reflection co-
efficient at a low grazing limit was discussed for randomly
rough surfaces [1]–[6] and periodic rough surfaces [7]. This
problem has received much interest, because it is closely re-
lated with the wave propagation along the rough sea and sea
echo observation by a ground based radar [8].

However, these works were all restricted to a slightly
rough case. On the other hand, we found numerically that
such a behavior is true in case of a sinusoidal grating with
moderate surface roughness [9] and a periodic array of rect-
angular grooves with deep groove depth. These facts give
us an expectation such that the reflection coefficient must
be −1 at a low grazing limit of incidence for a periodic or
random Neumann surface, regardless of the surface rough-
ness and surface shape. Such an expectation seems to be
new but is difficult to prove it in general case. By use of the
Rayleigh hypothesis, however, we give a simple mathemat-
ical description to show that such an expectation is true for
any periodic Neumann surfaces with small roughness and
gentle slope.
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Fig. 1 Diffraction of a plane wave from a periodic surface. L is the pe-
riod, σ = max[ f (x)] is the highest excursion of the surface. The angle of
incidence θi and the nth order diffraction angle θn are measured from the
positive x axis.

2. Formulation and TM Case

Let us consider the diffraction of a TM plane wave by a pe-
riodic surface shown in Fig. 1. We write the surface profile
as

z = f (x) = f (x + L), kL = 2π/L, (1)

where L is the period and kL is the spatial angular frequency
of L. In TM case, we denote the y component of the mag-
netic field by ψ(x, z), which satisfies[

∂2

∂x2
+
∂2

∂z2
+ k2

]
ψ(x, z) = 0, z > f (x), (2)

in the free space above the surface (1) and the Neumann
boundary condition

∂ψ(x, z)
∂n

∣∣∣∣∣
z= f (x)

= 0, (3)

where k is wavenumber and n is normal. By σ = max{ f (x)},
we denote the highest excursion of the surface. Due to the
periodicity of the surface, the wave field in the region z > σ
may have the Floquet form,

ψ(x, z) = e−ipx−iβ0z + e−ipx
∞∑

m=−∞
Ame−imkL x+iβmz,

(z > σ), (4)

where the first term in the right-hand side is the incident
plane wave, and the second the diffracted wave. Here, p and
βm are given by
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βm =

√
k2 − (p + mkL)2,

Re[βm] ≥ 0, Im[βm] ≥ 0, (m = 0,±1,±2, · · ·), (5)

p = k cos θi, β0 = k sin θi, (6)

where θi is the angle of incidence. The A0 is the reflection
coefficient and Am is the diffraction amplitude of the mth or-
der Floquet mode, which is diffracted into the θm direction.
Here, θm is determined by the grating formula:

k cos θm = −(p + mkL), (m = 0,±1,±2, · · ·). (7)

Let us obtain the diffraction amplitude Am by use of
the Rayleigh hypothesis [10]. Assuming that the series (4)
and its normal derivative converge on the surface (1), we
substitute (4) into (3) to obtain√

1 +

(
d f
dx

)2
∂ψ

∂n

∣∣∣∣∣∣∣∣
z= f

= i

[
p

d f
dx
− β0

]
e−ipx−iβ0 f (x)

+i
∞∑

m=−∞

[
(p + mkL)

d f
dx
+ βm

]

×e−i(p+mkL)x+iβm f (x)Am = 0. (8)

Multiplying ei(p+lkL)x to this equation and integrating the re-
sult over one period, we obtain a set of equations for the
diffraction amplitudes,

∞∑
m=−∞

ql,mAm = −el, (l = 0, ±1, ±2, · · ·), (9)

ql,m =
1
L

∫ L/2

−L/2

[
d f
dx

(p + mkL) + βm

]
ei(l−m)kL x+iβm f (x)dx,

(10)

el =
1
L

∫ L/2

−L/2

[
p

d f
dx
− β0

]
eilkL x−iβ0 f (x)dx. (11)

Here, el represents the excitation by the incident plane wave.
However, we introduce A′m the modified diffraction am-

plitude by the relation

Am = −δm,0 + A′m. (12)

From (12) and (9), one finds the equation for A′m as

∞∑
m=−∞

ql,mA′m = ql,0 − el = 2β0rl, (13)

where rl is given by

rl =
1
L

∫ L/2

−L/2

{
cos[β0 f (x)]

+ip
d f
dx

sin[β0 f (x)]
β0

}
eilkL xdx. (14)

If f (x) and d f /dx are finite for any x, rl becomes finite for
any l. Thus, the right hand side of (13) vanishes when β0 =

k sin(θi) → 0. This suggests that the modified diffraction
amplitude A′m vanishes in the limit β0 → 0.

Physically, (9) means that the diffraction amplitude Am

is excited by the incident plane wave. On the other hand,
(13) implies that the modified diffraction amplitude A′m is
generated by

ψp(x, z) = e−ipxe−iβ0z − e−ipxeiβ0z, (15)

which is the sum of the incident plane wave and the spec-
ularly reflected wave with reflection coefficient −1. In fact,
we have the normal derivative ∂ψp/∂n on the surface as√

1 +

(
d f
dx

)2 ∂ψp

∂n

∣∣∣∣∣∣∣∣
z= f

= −2iβ0

{
cos[β0 f (x)] + ip

d f
dx

sin[β0 f (x)]
β0

}
e−ipx (16)

= −2iβ0

∞∑
l=−∞

rle
−i(p+lkL)x, (17)

where rl is given by (14). Here, (16) means that ψp(x, z)
satisfies the Neumann condition (3) on the surface when
β0 = k sin(θi)→ 0.

Let us consider the solution A′m. Introducing a trunca-
tion number N, we approximate the infinite sum in (13) by
a finite sum from m = −N to N. In other words, we as-
sume Am = 0 for |m| ≥ N + 1. Then, we solve the truncated
(13) by Cramer’s formula to obtain the modified diffraction
amplitude A′m,

A′m = 2β0
Rm

Q , (m = 0,±1,±2, · · · ,±N), (18)

where Q and Rm are the determinants given by

Q =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(−N) (m) (N)
q−N,−N · · · q−N,m · · · q−N,N

q1−N,−N · · · · · · q1−N,m · · · q1−N,N

· · · · · · · · ·
[0] q0,−N · · · q0,m · · · q0,N

q1,−N · · · q1,m · · · q1,N

· · · · · · · · ·
qN,−N · · · qN,m · · · qN,N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(19)

Rm =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(−N) (m) (N)
q−N,−N · · · r−N · · · q−N,N

q1−N,−N · · · · · · r1−N · · · q1−N,N

· · · · · · · · ·
[0] q0,−N · · · r0 · · · q0,N

q1,−N · · · r1 · · · q1,N

· · · · · · · · ·
qN,−N · · · rN · · · qN,N

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(20)

Here, (m) indicates the mth column and [0] means the 0th
row. The determinant Rm can be obtained from (19) by re-
placing ql,m in the mth column with rl.

Substituting the solution (18) into (12), we have
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Am = −δm,0 + 2β0
Rm

Q . (21)

The determinant Q does not vanish in general. But an ex-
ception takes place when the surface is flat and f (x) is iden-
tically equal to 0. In such a flat case, we obtain ql,m = βmδl,m

and rl = δl,0 from (10) and (14). Then we find Rm = 0 when
m � 0 and R0/Q = 1/β0. As a result, we have Am = δm,0 in
the flat case. For a corrugated surface, it holds that Q � 0
even when β0 = 0, and hence we find from (21)

lim
β0→0

Am =

{ −1, (m = 0)
0, (m � 0)

, (22)

which is the main result of this paper. This means that the re-
flection coefficient A0 becomes −1 and any other diffraction
coefficient Am, (m � 0), vanishes at a low grazing limit with
θi → 0 or π. This fact was found analytically by a grazing
perturbation method in case of slightly rough periodic sur-
face [7]. This fact is also supported by several numerical
examples as is described above. We note that (22) holds for-
mally for any truncation number N and for any period L, if
N and L are finite.

3. Conclusions

By use of the Rayleigh hypothesis, we give a simple math-
ematical discussion on the diffraction of TM plane wave by
a periodic Neumann surface. We formally find that, at a low
grazing limit of incidence, the specular reflection coefficient
becomes −1 and any other diffraction amplitudes vanish for
any periodic Neumann surface. As is well known, however,
the series (4) converges in the region above the highest ex-
cursion of the surface but often diverges on the surface (1).
Generally speaking, the Rayleigh hypothesis becomes valid
when the surface is small in roughness and gentle in slope
and when f (x) is analytical function of x [10], [11]. There-
fore, we conclude that, at a low grazing limit of incidence,
the specular reflection coefficient becomes −1 and any other
diffraction amplitudes vanish for any analytical Neumann
surface with small roughness and gentle sloping.

As is described above, however, our expectation (22)

holds numerically in case of a sinusoidal grating with mod-
erate surface roughness and a periodic array of rectangular
grooves with deep groove depth. Therefore, we expect that
(22) holds even when the surface has large roughness and
edges. Further, the relation (16) suggests that the Rayleigh
hypothesis could hold for any periodic Neumann surface at
a low grazing limit of incidence. However, mathematical
discussions on such cases will be left for future study. Phys-
ically, multiple scattering processes that yield (22) must be
clarified. However, this problem is also left for future study.
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